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Abs t rac t .  A class of generalized Shuffle-Exchange (SE) graphs is intro- 
duced. As permutation networks these have the same functionality as the 
classical SE net (and contains it as a special case), but some of them pos- 
sess recursive structures lacking in the classical SE net. This allow them 
to be constructed from identical or a small number of different building 
blocks and make them very attractive from a hardware-design point of 
view. For an extensive account of these graphs and their mathematical 
properties the reader is referred to [11]. 

Index Terms interconnection networks, permutation networks, perfect shuffle, shuffle- 
exchange networks, parallel computers, SIMD computers 

1 Introduction 

In massively parallel SIMD computers, or data  parallel computers, the most 
common form of interprocessor communication is permutations of the data set, 
i.e. each (virtual) processor sends out one data item and receive one. A natural  
efficiency measure for SIMD interconnection networks is therefore the number 
of routing steps, i.e. the number of parallel steps needed to do an arbitrary 
permutation 1. The optimal routing problem is discused in a series of papers [6, 
9, 10, 12, 13, 21]. 

We define the cost of a network as the product of the routing steps and the 
number of wires in the network, thus the cost is a price/performance measure. 
It is relatively easy to show that  the cost of any interconnection network must 
satisfy c(n) = 12(n. log(n)) , where n is the number of nodes in the network. 
Figures for some networks are summarized in Table (1). The Shuffle Exchange 
(SE) network [19] is among the few networks with optimal cost complexity. De- 
spite of this, the SE network has not been extensively used in hardware design. 
The reason for this is probably that  the SE network is rather complicated to 
draw in a nice regular fashion; the graph lacks the recursive structure found in 
e.g. the Boolean cube and other popular networks. Layouts for the SE network 
has been studied for VLSI design [7], but due to the lack of recursiveness, the 
layouts are very complicated. 

1 We consider here only static permutations, i.e. permutations that are known in ad- 
vance, or that are to be performed many times, so that the cost of computing the 
optimal routing can be neglected. This is relevant for many algorithms and for e.g. 
measuring the ability of a given network to emulate arbitrary networks. 
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Network 
Complete graph 
Boolean Cube 
Butterfly 
2-D Mesh 
Ring 
Cube Connected Cycles 
(Generalized) SE 

No. of Routing Steps 
1 

O(log(n)) 
O(log(n)) 
e(v"~)) 

e(n) 
O(log(n)) 
O(log(n)) 

No. of Wires 
e(n ~) 

O(n log(n)) 
O(n log(n)) 

e(n) 
O(n) 
O(n) 
e(.) 

Cost 
e(n ~) 

O(nlog2(n)) 
O(n log 2 (n) 

O(nV~) 
e(n 2) 

O(nlog(n)) 
e(nlog(n)) 

Table 1. Cost complexity for various interconnection networks 

2 Definit ion of  General ized SE Networks  

Our basis for searching for generalized versions of the SE net is the following 
question: What is the most general form of a network with the same 'permuting 
function ality' as the (classical) SE net ? In [11] this question is stated in a suitable 
formal form and it is shown that it is fulfilled if and only if the graph consists of 
2 n nodes identified with n-bit binary numbers g = (g,~_ 1, gn-2 , . . . ,  gl, g0) ; gi E 
{0, 1}, and there exists two permutations of the nodes; E(g) and S(g), such that 

E(g) = (gn- l ,g , -2 , . . .  ,gl,9"~) (1) 

and 
s ( g )  = (g , -2 ,  g , - 3 , . . . ,  go, f (g))  (2) 

where f is a boolean function satisfying 

f (g)  = f ( ( g , - 1 , g , - 2 , .  .. ,go)) = h( (g ,_~,g ,_3 , .  . . ,go))  �9 g , - 1 ,  (3) 

for some boolean function h. 
Note :  A map of the form given in (2) is called a shift register, and with the 

additional property in (3) it is called a non-singular (or invertible) shift register. 
A thorough account for the mathematical properties of shift registers is found 
in [4]. 

Defini t ion 1. A Generalized Shuffle Exchange network, GSE(n, f) ,  is a graph 
consisting of N = 2n nodes G, with edges (g, Eg) and (g, Sg) for all g G G, where 
g is defined in (1) and S is a non-singular shift register defined in (2)-(3). 

If f(g) = gn-1 we get the classical SE net. Given a routing algorithm for the 
classical SE net, it is easy to derive a routing for any GSE networks, thus all 
Mgorithms suited for the classical SE net are trivially moved to any GSE nets. 
This will in practice also include all algorithms suited for e.g. Boolean Cubes 
and Butterfly networks (see e.g. [8] for details). 

In [11] the connection between GSE graphs and the socalled de Bruijn graph [2, 
14] is elaborated upon. Via this connection it is prooved that for each n there 
are exactly �89 + 22"-~) different (i.e. non-isomorphic) GSE(n, f )  graphs! 
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Of special importance for computer hardware dezign is the study of ho- 
momorphisms of graphs. Homomorphisms of a graph G onto a graph 7-/ are 
surjective mappings r : ~ --* 7/ such that s.t. (r r is an edge of 7/ if 
and only if (g, gP) is an edge of G. Homomorphisms allow the graph G to be 
folded to a simpler form, by collecting nodes into 'supernodes' identified with 
the nodes of 7/. In this representation the graph G has a global structure re- 
sembling the graph 7/, see Figs.(2) and (3). It is shown in [11] that for any 
graph GSE(m, h) and any n > m there exist a GSE(n, f) and a homomorphism 
r : GSE(n, f)  --* GSE(m, h). GSE(n, f )  is called a lifting of GSE(m, h), and 
resembles a process where the number of nodes in the network is increased with- 
out changing the global structure. It is furthermore shown that for each n there 
exist two unique graphs GSE(n, fn) that can be recursively folded n times, each 
time halving the size. These graphs, shown in Fig.(1) are called the maximally 
foldable GSE graphs and represents the most regular GSE graphs. 

3 L i n e a r  G S E  n e t w o r k s  

Whereas the previous section showed that there are a tremendous number of 
different GSE graphs for each n, we will in this section restrict our attention 
to a much smaller class of networks, which can be studied in terms of linear 
recursion theory. 

A linear homogenous boolean function is a function 

n - 1  

,go) )  - -  
i = 0  

where additions and multiplications are modulo 2. A linear inhomogenous boolean 
function is defined as 

](g) = f(g) ~ 1, 

where f is homogenous. A linear shift register is a shift register where f is linear 
(homogenous or inhomogenous), and we define a linear GSE network similarly. 
The mathematical theory for linear shift registers is rich, and a lot is known 
about their structure (see [4, 17]). The dynamics of a linear shift register is 
most easily studied by introducing the characteristic polynomial 2 defined for a 
homogenous f as: 

n 

r(x) = y :  c,.=', (4) 
i = 0  

where cn = 1. For the results in this paper, we do not need to define the char- 
acteristic polynomial for the inhomogenous case, and we will use a bar over the 
characteristic polynomial to indicate that it corresponds to an inhomogenous 
recursion. The networks are henceforth written in terms of the characteristic 

2 All polynomials are over the binary Galois field GF[2], which means that e.g. 
(1 + x).(1 + x) = 1 + x 2, since the coefficients are reduced modulo 2. 
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polynomial as GSE(r(x)) or GSE(r(x)). The maximally foldable GSE graphs, 
Fig.(1), are given as GSE((1 + x) n) and GSE((1 + z)n). Of these the latter fam- 
ily is the nicest; it can be shown that its shuffle orbits are all of equal length 
p = 2klog~(n)J+l.  

The most important result about linear GSE networks is that the study of 
homomorphisms can be translated into the study of factorizations of polynomials 
over GF[2]. There exists a homomorphism r : GSE(r(x)) --* GSE(s(x)) if and 
only i fr(x) = s(x).t(x) for some polynomialt(x). Thus the graph GSE(s(x).t(x)) 
can be folded into a graph with global structure GSE(s(x)). 

The local structure within each supernode depends on t(x). In general it is 
possible to arrange the nodes locally such that the local structure in a supernode 
resembles either the shuffles in GSE(t(z)) or in GSE(t(z)), thus the network can 
be buildt by two different building blocks. In the case where t(x) and s(z) are 
relative prime polynomials it is even possible to arrange the nodes such that every 
supernode has the internal structure of GSE(t(x)), i.e. the network is buildt from 
a single building block. These results are summarized in Theorems (2) and (3). 

T h e o r e m 2 .  Let r(x) = s(x).t(x) where gcd(s(x),t(x)) = 1. Then every node 
gr E GSE(r(x)) can be uniquely identified with a pair of nodes 

gr - (g,,gt) where gs E GSE(s(x)) and gt E GSE(t(x)), 

such that shuffle and exchange act according to: 

Er(gr) = (E,(g,), E,(gt)) and Sr(gr) - (S,(g,), St(gt)) �9 

In other words: GSZ(r(x)) is the direct product of OSE(s(x)) and GSE(t(x)). 

T h e o r e m 3 .  Let r(z) = s(x). t(x) .  Then every node gr �9 GSE(r(x)) can be 
uniquely identified with a pair of nodes gr = (gs,gt) where gs �9 GSE(s(x)) and 
gt �9 GSE(t(x)), such that shuffle and exchange act according to: 

Er(gr) = (g,, Et(gt)) (5) 

and { (s,(g,),st(gt)) i f l e f tmos t  bit in = o 
= (st(g,) ,  sdg , ) )  else (6) 

4 C o n c l u d i n g  R e m a r k s  

A major purpose of this work has been to show that SE-type networks are very 
attractive from a hardware design point of view, and to tie the bonds between 
parallel computing and the shift register art. 

The theory summarized in this paper has several interesting applications that 
has not been addressed. One is in derivation of routing and mapping algorithms 
for SE networks. An other is in construction of optimal layouts (in terms of 
area usage) for VLSI design of SE graphs. Still another is in partitioning SE 
networks. It is known that the SE graph cannot be partitioned in smaller SE 
graphs [18]. Theorems (2) and (3) do, however, show that the generalized graphs 
carl be made partitionalble by adding a small number of additional edges. These 
issues will be addressed in forthcomming papers. 
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Character. pol. 

l+x 

(l+x) ~ = l+x z! 

( l + x )  3 = 
l+x+xZ+x 3 

(l+x)4 = l+x 4 

Homogenous graph 
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4 

Irthomogenous graph 
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Fig .  1. The two families of maximallv fodable GSE erat~hs. 

l+x+x 2 ~ ( l + x + x 2 ) ( l + x  2) Building block: 

.... 

Fig .  2. Direct product of relative prime polynomials 1 ref. Thm.(3). 
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