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Abstract 

We present a family of Runge-Kutta type integration schemes of arbitrarily high order for differential equations 
evolving on manifolds. We prove that any classical Runge-Kutta method can be turned into an invariant method of 
the same order on a general homogeneous manifold, and present a family of algorithms that are relatively simple 
to implement. These are defined in a general abstract framework, based on a Lie algebra acting on the manifold. 
The general framework gives rise to a wide range of different concrete applications; we present some examples. 
© 1999 Elsevier Science B.V. and IMACS. All rights reserved. 

1. Introduction 

Numerical integration of ordinary differential equations (ODEs) on manifolds has received significant 
attention recently. A major goal has been to establish integration methods where the numerical solution 
is guaranteed to evolve on the same manifold as the analytical solution. This goal has been pursued 
by several authors, [4--6,14-16,18,21,22,25,26]. Although many basic results on which these methods 
rely were developed already in the late 19th and first half of the 20th century, only recently have the 
implications for practical numerical algorithms been understood. 

In [15], we established the connection between the Butcher order theory for numerical integration of 
ODEs on •" and a special form of Lie series on Lie groups, and we proposed a class of integration 
schemes later named R K M K  methods. In their original formulation, these methods could achieve only 
order two on a general Lie group. In [16], correction functions for the basic R K M K  scheme were 
introduced, and the order conditions derived for such methods of arbitrarily high order. Third- and fourth- 
order methods were explicitly derived, but it was unclear how to construct higher order methods within 
this framework. In [ 18], the methods were generalized to homogeneous manifolds. 

Here, we formulate the correction process slightly differently, and construct R K M K  methods of 
arbitrarily high order on homogeneous manifolds. The basic result is that any classical Runge-Kutta 
method can be turned into a method of the same order on a general homogeneous manifold. This result 
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was first presented at the Conference on Foundations of Computational Mathematics, Rio de Janeiro, 
January 1997, but did not appear in the paper published in the conference proceedings [18]. 

The goal of this paper is to give a compact and concise presentation of high order RKMK methods. 
Much of the background motivation and implications of these algorithms is not discussed. For further 
information, extensive reference lists, and related and forthcoming papers on this topic, we recommend 
the homepage of the SYNODE project: h t  t p  : / /www.  m a t h .  n t n u .  n o / h u m / s y n o d e / .  An object 
oriented Matlab toolbox, 135_f fMan, for solving ODEs on manifolds is also available from this web-site. 

2. Background theory and notation 

First, we define manifolds, Lie algebras and Lie algebra actions. Manifolds provide us with the abstract 
definition of the domains where the ODEs are evolving. Lie algebras and Lie algebra actions give us the 
structures for defining movements on the manifold. Our numerical schemes advance by following flows 
defined by actions on a time interval h. From an action ~.(v, -), we can compute the infinitesimal generator 
of the action, L.v, which defines directions tangent to the manifold. Using this, we write ODEs on the 
manifold in a generic form suitable for theoretical studies and practical computer implementations. 

2.1. Manifolds and tangent mappings 

A d-dimensional manifold is a topological space A4 equipped with continuous local coordinate charts 
qbi : Ui C A4 --+ II~ d such that all the overlap charts ~)i,j :]~d ~ ]i~d are diffeomorphisms, see [1]. If 
~b : M --+ A/" is a mapping between manifolds, let ~b' - T~b : T.M --+ TA/" denote the tangent mapping 
between the tangent manifolds. To avoid a cluttered notation, we make an exception for curves: if y : IR 
A4 then y' : l~ --+ T.A4 denotes the curve y'(t) = Ty(t ,  1). Here, we employ the usual identification of Ii~ 
and T ~  = ~ x R given by t ~ (t, 1). 

2.2. Lie algebras and algebra actions on a manifold 

Definition 1. A Lie algebra is a vector space 9 equipped with a bilinear skew-symmetric bracket 
[', "] :9 x 9 ~ 9 (the Lie bracket on 9) satisfying the Jacobi identity: 

[a, [b, c]] 4- [b, [c, a]] 4- [c, [a, b]] = 0. 

Define ad, : g --+ g as the linear map adu (v) = [u, v], and ad~ as the n-times iterated map, i.e., 

adO (v) = v, 

adlu (v) = [u, v], 

adu~(V) =adu(ad~-~(v)) = [u, [u, [ . . . .  [u, v]]]], forn  > 1. 

As an example of an infinite dimensional Lie algebra, consider a manifold .A4 and let 3C(.A4) be the set 
of all vector fields on A4.3~(A4) has the structure of an R-vector space, where 

(X 4- Y)(p) = X(p)  4- Y(p),  

(r.  X)(p)  = r .  (X(p))  
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for X, Y • X(.A4), p • M ,  r • ~ .  The ( - )Lie-Jacobi  bracket, [., "]LJ : 3E(.A4) x 3E(.A4) --+ 3~(.A4), turns 
3~(.A4) into an infinite dimensional Lie algebra. In local coordinates, this bracket is defined as follows: if 
X, Y, Z • 3~(M) are vector fields with components X i , yi, Z i, and if Z = [X, Y]LJ, then 

• O X  i O y  i 
Z i = y J -  _ X j - -  

Ox j Ox j "  

Note, many authors use the (+)Lie-Jacobi bracket [., .]L + = --[.,-][j. 
We now define the action of a Lie algebra on a manifold. Let A : g × .A4 --+ .A4 be a smooth function. 

Each element v • l~ generates a vector field on .M: let A, :~ ~ X(.A4) be 

(~ , v ) (p )  = d A(tv, p)  for all v • ~, p • M .  (1) 
ot It=0 

Definition 2. A is a (left) Lie algebra action if the induced map A, :g --~ 3C(.A//) is a Lie algebra 
homomorphism; i.e., A, is a linear map between Lie algebras such that 

A,[u, v] = [A,u, ~,v][j.  

Note. If the definition is based on [., .]L + then A, is an anti-homomorphism. 

An important example of a finite dimensional Lie algebra is g[(n), the linear space of n × n matrices 
with bracket the matrix commutator, 

[a, b] = ab - ba. 

Ado's theorem [24] states that anyfinite dimensional Lie algebra is isomorphic to a subalgebra of gl(n). 
A useful approach to understanding abstractly defined operations is to write them in concrete matrix 
representation. However, for the purpose of computer implementations (such as the Di f fMan package) 
it is crucial to treat Lie algebras as abstractly defined objects rather than via their matrix representations. 
This permits us to juggle internal representations (as matrices or as other data structures) according 
to what is most convenient. The abstract understanding is also necessary to build automatically more 
complicated algebras from simpler ones. Note, the theory also applies to the infinite dimensional case, 
and this may have important applications in numerical computations. In this case, brackets must be 
computed by differentiation and actions by integrating differential equations• 

2.3• Lie groups 

Strictly speaking, Lie groups and Lie group actions are not needed to define and implement the 
algorithms of this paper, but are introduced to improve understanding of Lie algebra actions and 
to simplify some proofs• A Lie group is a manifold G equipped with a continuous group product 
• : G × G --+ G. A (left) Lie group action is a mapping A : G × .At --+ M which satisfies 

A(e,  p)  = p, where e e G is the identity, 

A(gl  "g2, p ) = A ( g l , A ( g a ,  p)) ,  f o r a l l g l , g e e G ,  pE.A/[.  

The Lie algebra of a Lie group is the tangent space in the identity ~ = TGle. Its Lie bracket is 

0O-~s t-~-0 [u, v] = g(t)  . h(s) . g(t)  -1, 
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where g(t) ,  h(s) ~ G are curves such that g(0) = h(0) = e, g'(0) = u, h'(0) = v. The exponential 
mapping is a function exp:g  ~ G defined as follows: let R y : G  -+ G denote right multiplication, 
Ry(g) = g . y, and 

R'~. = TleRy " g --> TGIy .  

Given a fixed v 6 g, exp(v) = y(1), where y( t )  ~ G satisfies the ODE 

y' = R;,(v), y(O) = e. 

If G is a matrix group, then R;,(v) = vy and 

1)i 
exp(v) = ~ ~ .  

i=0 

Much recent work on numerical algorithms relies on the following result which can be traced to Baker 
and Hausdorff [2,8] and later to Magnus [12]. 

Theorem 3. The differential of  the exponential mapping exp': Tg = g x g ~ TG is 

exp'(u, v) = Rtexpu o dexp. (v), 

where dexPu : 1~ ~ g is the linear map: 

dexp. - exp(ad.)  - I ~ 1 -ad~ 
adu -- Z (j + 1)! 

j=O 

The inverse ofdexp,  is 

dexp2' = ~ adk. 
k=0 k. ' 

where Bk is the kth Bernoulli number. The first f ew  coefficients are 

Bk f 0 for  k odd, and k ~ 1, 

~" = ~ 1, 1 1 l J 1 l f o r k = O ,  1 2 ,4 ,6 ,8 ,10 .  
2 '  12' 720'  30240' 1209600' 47900160 

There is an intimate connection between group actions and algebra actions: 

Lemma 4. If A : G x 2t4 --+ .hd is a (left) Lie group action, then 

)~(v, p) = A (exp(v), p) 

defines a (left) Lie algebra action. 

On the other hand, if we have a Lie algebra homomorphism )~,, we may always assume that it locally 
arises from a group action. 

Theorem 5 [3]. Given a Lie group G with algebra 1~. For any homomorphism )~, : 1~ ~ X ( M ) ,  there 
exist a left group action A : G x Ad --+ ,hd such that 
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d 

t=0 
)~,(u)(p) ----- A (exp(u), p) 

for  all p ~ A4 and all u in some neighborhood of O. 

Note. An algebra action )~ is not uniquely determined from a group action A. Every diffeomorphism 
q~:0 --+ G such that ~b(0) = e, ~b'(0) = I, define Lie algebra actions via Z~(u, p) = A(~b(u), p). 
However, they all generate the same homomorphism ~, (u)(p) = (d /d t ) I t=0~  (tu, p).  In this paper we 
will exclusively work with actions of the form k(u, p) = A(exp(u), p), but other choices of ~b are worth 
investigating. 

3. Generic presentation of differential equations on manifolds 

In the classical theory of numerical ODE integrators, generally it is assumed that the space on which 
the ODE evolves is .At = ]~n and that the ODE is 

y' = F( t ,  y), y(0) = p, F :R × ]~n _+ Rn. (2) 

Also, it is tacitly assumed that the numerical integration technique is expressed in terms of basic 
movements given by the set of all translations on ~". To discuss numerical integration of ODEs on 
manifolds, we need more general assumptions. The domains are differentiable manifolds, and the basic 
movements are Lie algebra actions on the manifold: 

Assumption 1 (Generic presentation of ODEs on manifolds). There ex&ts a Lie algebra g with a Lie 
bracket [., .], a (left) Lie algebra action )~ : g x Ad --~ .A4 and a function f : • × .A4 --~ g such that the 
ODE for  y( t )  E .A4 is 

y' = ()~. f ( t ,  y))(y),  y(0) = p, (3) 

where )~, is defined in (1) [18]. 

If the algebra action is transitive, then any ODE on .A4 may be written in this form. It is always 
possible to find (locally) a transitive action; e.g., for any local coordinate chart, the linear span of the 
basic vectorfields O/Ox i constitutes a commutative and transitive algebra acting on .A4, via the coordinate 
flows. Examples of manifolds and group actions are presented in Section 5. 

4. RKMK methods of general order 

The following algorithm integrates Eq. (3) from t = 0 to t = h: 

Algorithm 1 (RKMK). A truncated approximation for dexp~ -l (v) is 

q - 1  

dexpinv(u, v , q ) =  ~ B~ adj,(v). 
k=0 /~! 

Let ai,j and bj be the coefficients of an s-stage, qth order classical Runge-Kutta method and let 
ci = ~ = 1  ai, i. Let ~(u, p) = A(exp(u), p) for some Lie group action A. 
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Yo= P 
fo r i  = 1,2 . . . . .  s 

s 

u i = h ~ a i . j k j  
j=l  

ki = f (hci, )~(ui, YO)) 

ki = dexpinv(ui, ki, q) 

end 
S 

v=h bj j 
j=l  

Yl = )~(v, Y0) 

Here p, Y0, Yl ~ .Ad and ui, ki, ki, v E ~. 

Notes. 
(1) If the underlying classical RK method is explicit, i.e., if ai,j = 0 for i ~< j ,  then the evaluation can 

be explicit. 
(2) The basic operations in this algorithm are in the Lie algebra (sums, scalar products and Lie- 

brackets), and computing the algebra action ~.. Unlike in the formulations in [16,18], we avoid 
operations in the Lie group G. This simplifies the specification of the operations involved in 
Runge-Kutta computations, and in many cases also yields a significant computational saving. 
There are many examples where computing the algebra action ~ directly is much less expensive 
than computing the exponential mapping followed by a computing the group action A. 

(3) An important special case of (3) arises when f ( t ,  p) = f ( t )  depends only on time. This is an 
equation of  Lie type, or a linear type equation. For these equations, it is not necessary to compute 
the action ~ for the s internal stages. It may be profitable to take several Runge-Kutta steps in g 
before advancing in A/f, thereby further reducing the number of evaluations of )~. Special methods 
for solving Lie type equations are presented in [10]. A detailed comparison of these methods is 
still needed. 

(4) For general ODEs, the number of ~ evaluations equals the number of function evaluations. By 
symbolically computing in a free Lie algebra, the number of commutators needed can be reduced 
significantly compared to the basic algorithm; see [17]. 

Theorem 6. Algorithm 1 stays on the manifold 

A4 p = { q ~ ,A/t l q = ~.(vk . . . . .  )~(v2, )~(vl, p) ) ), for  some vl . . . . .  vk ~ g }. 

Proof. All motions on M are given by k, defined to evolve on Ad. [] 

A numerical method Y0 = P w-~ Yl (h) has order q if the first q + 1 terms of the Lie series of Yl (h) 
around h = 0 match the first q + 1 terms of the Lie series of the analytical solution of (3) around t = 0, 
see [15,16,21]. 

Theorem 7. Algorithm 1 has order at least q for  any Lie group action A on any manifoM .All. 
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Note. There are important cases where the order is higher than q. Intuitively, this may happen if 
yl (h) = )~(h • f ( t ,  p), p) approximates the exact flow to an order higher than one. 

A short proof of Theorem 7 is based on the concept of ~b-relatedness of vector fields [1]. When ~b is 
a smooth invertible mapping between manifolds, this is equivalent to 'pull back' of vector fields. The 
basic idea is to transform the differential equation on .M to an equivalent equation on g using pull back 
along )~. Since g is a linear space, integration in g is simpler than on 3 t .  However, since we do not require 
M', P) to be invertible, we discuss relatedness rather than pull backs. Given two manifolds N" and .M 
and a mapping q~ :N" --~ 2t4, two vector fields G E X(N') and F ~ 3~(31) are ok-related if q~' o G = F o ~b, 
written G --~e F. Consider the ODEs for y(t) ~ 31 and u(t) ~ N': 

y' = F(y) ,  y(0) = ~b(u0), 

u' = G ( u ) ,  u (0 )  = u0. 

It is straightforward to check that if G"~eF then y ( t ) =  4)(u(t)). Now, let )~p(u)= )~(u, p ) =  
A(exp(u), p). We use )~p to pull back Eq. (3) from 31 to g. 

Lemma 8. If  F ~ 3~(A/l) is the vector field F(p) = ()~.f (p))(p) for some f :.M ~ g, and if f ~ 3~(g) 
is the vector field 

/ ( u )  = dexp~-' ( f o ~.p(u) ), 

then f "~r, F. 

Proof. We introduce a (local) group action A : G x M --+ Ad such that )~(u, p) = A(exp(u), p), and let 
AI,(g) = A(g, p). From Theorems 3 and 5, 

! 

)~p o f ( u ) =  (Ap o exp(u))' o f (u )  
! I f 1 : Ap o Rexp(u) o dexpu o dexPu I ( f  o ~.p(U)) ~-- Ap o Rexp(u)(f o ~.p(U)). 

For any u, v 6 g, 

)~.(v) (Kp(U)) = d t=o A ( exp(tv), A (exp(u), p)) 

d 
t =oA , t = dt (exp(tv)-  exp(u), p) = Ap o Rexp(u)(V), 

giving 
1 I I Fo)~p(u )=)~ , ( f  O).p(U))()~p(U))-~ApoRexp(u)(f O)~p(U)) =)~pO f(U). [] 

Hence, we obtain the following important result. 

Corollary 9. For sufficiently small t, the solution of(3) is 

y(t) = )~(u(t), p),  

where u(t) ~ g satisfies the ODE 

u' = f ( t ,  u) = dexp~ -l (f(t ,)~(u, p))) ,  u(0) = 0. (4) 
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Proof of Theorem 7. Observe that Algorithm 1 is equivalent to a single classical Runge-Kutta step in 
9 on the ODE (4) producing a numerical approximation ul "~ u(h)  followed by advancing the solution 
on .A4 as Yl = k(ul, Y0). Since 9 is a vector space, the classical theory of Runge-Kutta methods can be 
applied to derive the order conditions of ai,j and b j, and since )~ is a smooth mapping, the order on A4 
is at least as high as the order of the corresponding equation on 9- Finally, the approximation error in 
dexp~ -1 introduces an O(q) modification of f that does not reduce the order. [] 

5. Examples 

We give various examples of ODEs written in the form in Assumption 1. 

Example 1 (Classical RK setting). Let 9 = A4 = R n, [u, v] = 0 and )~(v, p) = v + p. This gives 
~.,v(p) = v, Eq. (3) reduces to the form in (2), and Algorithm 1 reduces to a classical Runge-Kutta 
scheme. 

Example 2 (Differential equations on matrix Lie groups). Let .A4 = G be a matrix Lie group, (9, [', "]) 
its Lie algebra, and Z(v, p) = exp(v)p, then k . v ( p )  = vp and Eq. (3) reduces to 

y ' =  f (t, y )y ,  y(O) = p. 

Example 3 (Isospectral flows [5]). Let A4 C R "×', G = SO(n) be the orthogonal group, 9 = so(n) its 
Lie algebra and )~(v, p) = e x p ( v ) p e x p ( - v ) ,  then Z , v ( p )  = vp - pv  and (3) reduces to the isospectral 
equation: 

y' = f (t, y ) y  - y f  (t, y) ,  y(O) = p. 

Since the action is isospectral, Algorithm 1 preserves isospectrality exactly. 

Example 4 (Exponential integrators for stiff systems). Consider a differential equation on R d written in 
standard form (2). When this system is stiff, it is well known that one must employ implicit classical 
integration methods. One type of stiffness arises when the Jacobian of F is ill-conditioned. In this case, 
we may introduce the action on .A4 obtained by exactly integrating all linear equations of the form 
y' = Ay + b, where A and b are constant. Let G = GL(d) >4 ItU be the semidirect product [24] of the 
general linear group and R d. G is the group of all affine linear maps acting on ~d, 

A ( ( A ,  b), y) = Ay  + b. 

The Lie algebra of G is 9 = 9[(d) x IlU with Lie bracket 

[(A, b), (A, b)] = ([A, ,4], A b -  ,4b) 

and exponential mapping 

exp(A, b) = (exp(a) ,  dexPa (b)), 

where 

_ _ 1  AJ b. dexpa(b) = exp(A) - I . b = Z (j  + 1)I 
A j=o • 



H. Munthe-Kaas / Applied Numerical Mathematics 29 (1999) 115-127 123 

Let the algebra action be 

L((A, b), y) = A (exp(A, b), y) -- exp(A)y + dexPA (b) 

yielding 

X,(A, b)(y) = Ay + b. 

Note, the map Z, ( . ) (p) :9  --+ T./vlIp has a nontrivial kernel, hence there is freedom in choosing the 
function f :R × •d __+ 9 to change (2) to the form (3). One possible choice is 

f (t, y) = (0, F(t, y)), 

which just recovers the classical methods for (2). Another is 

f ( t ,  y) = (J, F(t, y) - Jy), 

where J is the Jacobian of F at the point y. Also, we may let J be the Jacobian evaluated at some nearby 
point, and change J whenever necessary. This saves computations of the exponential. These methods 
solve linear systems exactly, and hence Algorithm 1 becomes A-stable, even in explicit form. In the case 
where Algorithm 1 is based on forward Euler, the resulting method is 

Y,,+l = Yn + dexphjo (hFn), 

which is the explicit second-order A-stable method in [19]. Related methods have been developed in [9]. 
So, the order of Algorithm 1 may be higher than the order of the underlying classical scheme if the action 
tangents the real flow to an order higher than one, and the stiffness properties of the algorithm depend on 
the choice of action and of f .  

Example 5 (Riccati equations [3,23]). The Riccati equation 

y'(t) = ao(t) + 2al(t)y(t) +az(t)(y(t)) ~', y(t) ~ IR, 

is a model example of an ODE of Lie type. This version of the equation may be written as a special form 
of (3) where G = SL(2, IR) is the set of real 2 x 2 matrices with determinant 1 and 9 its Lie algebra, 
the set of all 2 x 2 matrices with trace 0. Furthermore, let .Ad = R, A : G x .A4 --+ .M be the M6bius 
transformation 

((: :) ) ay+ : A 'Y c y + d '  

and )~(v, y) = A(exp(v), y). To compute )~,, note that ~., (-) (y) :9 --~ T.Mly is always a linear map, and 
we may compute X, in a basis for g. This yields (10) (o:) 

Z, (y) = 2y, X, (y) = 1, 
0 - 1  0 

Hence the equation is cast in standard form f : ~ --+ 9 with 

f ( t ) = (  a,(t) ao(t) ) .  
-az(t) -al(t)  

01 0 ) _y2. X, (y) = 
0 
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Numerical experiments show that integration schemes based on this natural action avoid the problems 
with singularities that occur for classical coordinate based integration schemes. 

Example 6 (Rigid frames [6,21]). A frame on 3,4 is a set of vector fields E1 . . . . .  Em ~ X(A4) which 
at each point p ~ A4 span the tangent space T M  Ip. The frames represent vector fields that are 'easily' 
integrated. An ODE on A4 can be written in terms of a frame as 

m 

y' = ~ ft (y)Ei, where ft :.M ~ I~ are smooth. (5) 
i=1 

Let g C 3C(Ad) be the Lie sub-algebra of ~( .M) generated by Ei, where the bracket on g is [., "]LJ. Thus 
g is the space of all vector fields spanned by all the original Ei and all their iterated commutators. Let 
~- : 1~ x Ad ~ 3,4 be the flow operator; i.e., for all F E g, let y(t) = )~(tF, p) be the solution of 

y'(t) = F(y(t)),  y(0) = p. 

Hence 

d t=o),( tF, P) ~..F(p) = = F(y(t))It=0 = F(p), 

and (5) is cast in general form if we let f :.A4 ~ g be 

f (Y) = ~ fi (y)Ei. 
i=1 

Algorithm 1 becomes a method for integrating ODEs written in terms of rigid frames, and the basic 
operation involved in computing the action ~.(v, p) becomes the task of following a fixed flow in the 
algebra spanned by {Ei}. The Crouch-Grossman family of algorithms [6,21] provides an alternative 
approach to integrating such ODEs. 

Example 7 (Numerical example). Finally, we present a simple numerical example to show that the 
algorithms have the correct order. Let g, k., G and .M be as in Example 2, and where G = SO(4), 
the set of orthogonal 4 x 4 matrices. The right hand side f ( y )  is given (in Matlab notation) as 

f ( y )  = diag(diag(y, +1), +1) -d iag(diag(y ,  + 1 ) , - 1 ) ,  

and the initial condition is the random orthogonal 4 x 4 matrix: 

rand('seed', 0); [Y0, r] = qr(rand(4, 4)). 

The numerical experiments were performed by integrating from t = 0 to t = 10, and successively halving 
the stepsizes: h = 5, 2.5 . . . . .  Fig. 1 shows the global error at t = 10 (measured in the 2-norm) versus the 
stepsize h. R2 is based on Runge's second-order method, RK4 on the classical fourth-order Runge-Kutta 
method, B6 on Butcher's sixth-order method and DP8 on the eight-order method of Dormand and Prince. 
The classical versions of these algorithms are given in [7]. We modified them according to Algorithm 1, 
hence preserving orthogonality exactly. 
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125 

6. Final remarks 

This paper is a sequel to the papers [15,16,18]. The main open questions of these papers have been 
answered, the construction of higher order RKMK type methods has been considerably simplified, and 
we have gained new insight into the structure of these algorithms. In this new light, they appear as 
versions of Runge-Kutta methods employing canonical coordinates o f the f i r s t  kind [24] in a Lie group. 
For some basis {vi} of g, the coordinates are obtained by inverting the map (xl ,  x2 . . . . .  xa) ~-~ exp(xl vl + 
x2v2 + . . .  + xava) • p in the neighborhood of a point p. Although the Lie-Butcher theory [15,16] is 
no longer necessary to provide the basic order proof, it remains very important for understanding the 
algorithms in detail. 

The theory of this paper allows us to pose new questions, which can be analyzed with the machinery 
presented here: 

• Crouch-Grossman type methods [6,21] are related to canonical coordinates o f  the second kind [24]. 
Can a correction technique be employed to develop such methods of higher order? 

• In the present formulation of the methods, we change coordinates at every step. We could consider 
taking several steps in g before a step is performed in M ,  and we might also consider multistep 
methods in g. Especially for ODEs of Lie type, this might lead to savings. The main difficulty with 
this approach could be the conditioning of the coordinate transform which worsens as we move away 
from the origin in g, so that eventually the exponential mapping is no longer a diffeomorphism. 

• If the manifold .A4 possesses additional structures such as, for example, a symplectic two-form 
09 : TA4 × T.A/[ ---> ~,  is it possible to devise symplectic methods on g which preserve this form? 
One way to treat this question might be to pull back 09 from M to g. 
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• Numerical integration of ODEs has now been enriched by a new choice. In addition to selecting the 
basic integration method, we have freedom to choose different [t and different algebra actions ~.. 
One may consider the task of finding a good action to be similar to the problem of designing a good 
preconditioner for iterative solution of linear systems. In both cases, the goal is to find a system that 
is easier to solve than the original, but which captures some of the original's essential features. We 
have shown examples of actions but there are many other possible choices. In mechanical problems 
such as the heavy spinning top, a very nice formulation involves writing the equations in our generic 
form, using the co-adjoint action of TSO(3) on T*~0(3). The spinning top is a simple model 
example of a wide class of mechanical problems discussed in [13]. Another interesting example 
is the use of Toeplitz systems as actions for time integration of parabolic PDEs. Toeplitz systems 
represent constant coefficient PDEs that can be integrated efficiently using FFTs. 
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