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Abstract. In this paper we describe the use of the theory of generalized polar decompositions
[H. Munthe-Kaas, G. R. W. Quispel, and A. Zanna, Found. Comput. Math., 1 (2001), pp. 297–324]
to approximate a matrix exponential. The algorithms presented have the property that, if Z ∈ g, a
Lie algebra of matrices, then the approximation for exp(Z) resides in G, the matrix Lie group of g.
This property is very relevant when solving Lie-group ODEs and is not usually fulfilled by standard
approximations to the matrix exponential.

We propose algorithms based on a splitting of Z into matrices having a very simple structure,
usually one row and one column (or a few rows and a few columns), whose exponential is computed
very cheaply to machine accuracy.

The proposed methods have a complexity of O(κn3), with constant κ small, depending on the
order and the Lie algebra g. The algorithms are recommended in cases where it is of fundamental
importance that the approximation for the exponential resides in G, and when the order of approxi-
mation needed is not too high. We present in detail algorithms up to fourth order.
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1. Introduction. With the recent developments in the theory of Lie-group in-
tegration schemes for ordinary differential equations (ODEs) [10], the problem of
approximating the matrix exponential has lately received renewed attention. Most
Lie-group methods require a number of computations of matrix exponentials from
a Lie algebra g ⊆ R

n×n
to a Lie group G ⊆ GL(n,R) that usually constitutes a

bottleneck in the numerical implementation of the schemes [5].
The matrix exponentials need to be approximated to the order of the underlying

ODE method (hence exact computation is not an issue); however, it is of fundamental
importance that such approximations reside in G. In general, this property is not
fulfilled by many standard approximations to the exponential function [14] unless the
exponential is evaluated exactly.

In some few cases (usually for small dimension) the exponential of a matrix can
be evaluated exactly. This happens, for instance, for 3 × 3 skew-symmetric matri-
ces, whose exponential can be calculated exactly by means of the well-known Euler–
Rodriguez formula

exp(Z) = I +
sinα

α
Z +

1

2

(
sin(α/2)

α/2

)2
Z2,(1.1)

where

Z =


 0 z3 −z2

−z3 0 z1
z2 −z1 0


 , α = (z21 + z

2
2 + z

3
3)
1/2
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[13]. Exact formulas for skew-symmetric matrices and matrices in so(p, q) can be
derived up to dimension eight making use of the Cayley–Hamilton theorem [9] with
significant savings with respect to approximation techniques [1, 12]. However, for
several reasons the algorithms are not practical for larger dimensions. First, they
require high powers of the matrix in question (and each matrix-matrix multiplication
amounts to O(n3) computations). Second, it is well known that the direct use of
the characteristic polynomial, for large-scale matrices, may lead to computational
instabilities.

The problem of approximating the exponential of a matrix from a Lie algebra to
its corresponding Lie group has been recently considered by [4, 3]. In the first paper,
the authors construct the approximation by first splitting the matrix X ∈ g as the
sum of bordered matrices. Strang-type splittings of order 2 are considered, so that one
could apply a Yoshida technique [24], based on a symmetric composition of a basic
scheme whose error locally expands in odd powers of time only, to increase the order.
In the second paper, the authors consider techniques based on canonical coordinates
of the second kind (CCSK) [22]. To follow that approach, it is necessary to choose
a basis of the Lie algebra g. The choice of the basis plays a significant role in the
computational complexity of the algorithms [19], and, by choosing Chevalley bases [2]
which entail a large number of zero structure constants, it is possible to significantly
reduce the cost of the methods.

In this paper we consider the problem of approximating to a given order of accu-
racy

F (t, Z) ≈ exp(tZ) ∈ G, Z ∈ g,(1.2)

so that F (t, Z) ∈ G, where g ⊆ gl(R, n) and G ⊆ GL(R, n). The techniques we
introduce consist of a Lie-algebra splitting of the matrix Z by means of an iterated
generalized polar decomposition induced by an appropriate involutive automorphism
σ : G→ G, as discussed in [16]. We introduce a general technique for approximations
of arbitrary high order and discuss practical algorithms of order 2, 3, and 4. For
large n, these algorithms are very competitive with standard approximations of the
exponential function (for example, diagonal Padé approximants).

The paper is organized as follows. In section 2 we discuss the background theory
of the polar decomposition on Lie groups and its symmetric version. Such polar
decomposition can be used to induce a splitting in the Lie algebra g. As long as this
splitting is practical to compute, together with the exponential of each “split” part,
it leads to splitting methods for the approximation of the exponential of practical
interest.

In section 3 we use the theory developed in section 2 to derive approximations
of the exponential function for some relevant matrix Lie groups as SO(R, n) and
SL(R, n). Methods of order 2, 3, and 4 are discussed in greater detail, together with
their computational complexity. The methods are based on splittings in bordered
matrices, whose exact exponentials are very easy to compute.

Section 4 is devoted to some numerical experiments in which we illustrate the re-
sults derived in this paper; in section 5 we discuss the relation between our approach
and another method for the approximation of the exponential in terms of eigenspace
and Schur decompositions; and finally section 6 is devoted to some concluding re-
marks.

2. Background theory. It is usual in differential geometry to denote Lie-
group elements with lowercase letters and Lie-algebra elements with uppercase letters,
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whether they represent matrices, vectors, or scalars [7]. We adopt this convention
throughout this section.

Let G be a Lie group with Lie algebra g. We restrict our attention to matrix
groups, i.e., to the case when G ⊆ GL(R, n).

It is known that, provided σ : G→ G is an involutive automorphism of G, every
element z ∈ G sufficiently close to the identity can be decomposed in the product

z = xy,(2.1)

where y ∈ Gσ = {w ∈ G : σ(w) = w}, the subgroup of elements of G fixed under σ,
and x ∈ Gσ = {w : σ(w) = w−1} is the subset of antifixed points of σ [11, 16]. The
set Gσ has the structure of a symmetric space [7] and is closed under the product

x1 · x2 = x1x−12 x1,

as can be easily verified by application of σ to the right-hand side of the above relation.
The decomposition (2.1) is called the generalized polar decomposition of z in analogy
with the case of real matrices with the choice of automorphism σ(z) = z−T.

Next set z = exp(tZ) with Z ∈ g. The automorphism σ induces an involutive
automorphism dσ on g in a natural manner,

dσ(Z) =
d

dt

∣∣∣
t=0
σ(exp(tZ)),

and it defines a splitting of the algebra g into the sum of two linear spaces,

g = p ⊕ k,(2.2)

where k = {Z ∈ g : dσ(Z) = Z} is a subalgebra of g, while p = {Z ∈ g : dσ(Z) =
−Z} has the structure of a Lie-triple system, a set closed under the double commu-
tator,

A,B,C ∈ p =⇒ [A, [B,C]] ∈ p.

To keep our presentation relevant to the argument matter of this paper, we refer the
reader to [16, 15] and the references therein for a more extensive treatment of such
decompositions. However, it is of fundamental importance to note that the sets k and
p possess the following properties:

[k, k] ⊆ k,

[k, p] ⊆ p,

[p, p] ⊆ k.

(2.3)

We denote by Πp : g → p the canonical projection onto the subspace p and by

Πk : g → k the projection onto k. Then,

Z = ΠpZ +ΠkZ = P +K,

where

ΠpZ =
1

2
(Z − dσ(Z)), ΠkZ =

1

2
(Z + dσ(Z)).
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Assume that x and y in (2.1) are of the form x = exp(X(t)) and y = exp(Y (t)).
Then X(t) ∈ p, Y (t) ∈ k and they can be expanded in series

X(t) =

∞∑
i=1

Xit
i, Y (t) =

∞∑
i=1

Yit
i,

where the Xi and Yi can be explicitly calculated by means of the following recurrence
relations:

X1 = P,

(i+ 1)Xi+1 = −[Xi,K] +
∑
�≥1
2�≤i

c2�
∑

�1,...,�2�>0
�1+···+�2�=i

[X�1 , [X�2 , . . . , [X�2� , P ]]], i = 1, 2, . . . ,

(2.4)

and

Y1 = K,(2.5)

Y2i = O, i = 0, 1, 2, . . . ,

2(2i+ 1)Y2i+1 = −2

i∑
q=1

∑
k≥1
k≤q

1

(2k + 1)!

∑
k1,...,k2k>0

k1+···+k2k=2q

[Yk1
, . . . , [Yk2k

, Y2(i−q)+1] . . .]

−
i∑

m=1

2(i−m) + 1

(2m)!
ad2mZ Y2(i−m)+1

−
2(i−1)∑
q=0

2(i−1)−q∑
j=0

(−1)2i−q−j−1(j + 1)

(2i− q − j − 1)!
ad2i−j−q−1

Z

∑
k≥1

k≤q+1

1

(k + 1)!

∑
j1,...,jk>0

j1+···+jk=q+1

[Yj1 , . . . , [Yjk , Yj+1] . . .]

−
∑
�≥1
�≤i

1

(2�)!

∑
�1,...,�2�>0

�1+···+�2l=2i

[Y�1 , . . . , [Y�2� , P −K] . . .]

(see [25]). Note that Y (t) expands in odd powers of t only. The first terms in the
expansions of X(t) and Y (t) are

X = Pt− 1
2 [P,K]t2 − 1

6 [K, [P,K]]t3

+
(
1
24 [P, [P, [P,K]]]− 1

24 [K, [K, [P,K]]]
)
t4

+
(
7
360 [K, [P, [P, [P,K]]]]− 1

120 [K, [K, [K, [P,K]]]]− 1
180 [[P,K], [P, [P,K]]]

)
t5

+O(t6) ,
Y = Kt− 1

12 [P, [P,K]]t3 +
(
1
120 [P, [P, [P, [P,K]]]]

+ 1
720 [K, [K, [P, [P,K]]]]− 1

240 [[P,K], [K, [P,K]]]
)
t5 +O(t7) .

(2.6)
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We also consider a symmetric-type generalized polar decomposition,

z = xyx, z = exp(tZ), x = exp(X(t)), y = exp(Y (t)),(2.7)

where, as above, X(t) ∈ p and Y (t) ∈ k. To compute X(t), we apply σ to both sides
of (2.7) to obtain

σ(z) = exp(−X(t)) exp(Y (t)) exp(−X(t)).(2.8)

Isolating the y term in (2.8) and (2.7) and equating the result, we obtain

exp(tZ) = exp(2X(t)) exp(tW ) exp(2X(t)), W = dσ(Z).(2.9)

This leads to a differential equation for X which is very similar to the one obeyed by
Y in (2.5) [25]. Using the recursions in [25] we obtain recursions for X(t) and Y (t).
The first terms are given as

X(t) = 1
2Pt+

1
24 [K, [P,K]]t3 −

(
1

1440 [K, [P, [P, [P,K]]]](2.10)

+ 1
240 [K, [K, [K, [P,K]]]] + 1

360 [[P,K], [P, [P,K]]]
)
t5 + · · · ,

Y (t) = Kt+ 1
24 [P, [P,K]]t3 +

(
1

1920 [P, [P, [P, [P,K]]]](2.11)

− 13
1440 [K, [K, [P, [P,K]]]]− 1

240 [[P,K], [K, [P,K]]]
)
t5 + · · ·

and both X(t) and Y (t) expand in odd powers of t only.

3. Generalized polar decomposition and its symmetric version for the
approximation of the exponential. Assume now that we wish to approximate
exp(tZ) for some Z ∈ g, and that σ1 is an involutive automorphism so that the
exponential of terms in p1 = {X ∈ g : dσ1X = −X} as well as analytic functions of
adP = [P, ·] are easy to compute. Then g = p1 ⊕ k1, and we can approximate

exp(tZ) ≈ exp(X [1](t)) exp(Y [1](t)),(3.1)

where X [1] and Y [1] obey the order conditions (2.4)–(2.6) to suitable order.
Alternatively, we can approximate

exp(tZ) ≈ exp(X [1](t)) exp(Y [1](t)) exp(X [1](t)),(3.2)

where X [1] and Y [1] now obey the order conditions (2.10)–(2.11) to given accuracy.
The same mechanism can be applied to split k1 in p2 ⊕ k2 by means of a suitable

automorphism σ2. The procedure can be iterated and, provided that the exponential
of km is easy to compute, we have an algorithm to approximate exp(tZ) to a given
order of accuracy. In this circumstance, (3.1) will read

exp(tZ) ≈ F (t, Z) = exp(X [1](t)) · · · exp(X [m](t)) exp(Y [m](t)),(3.3)

while the analogue of (3.2) is

exp(tZ) ≈ F (t, Z)
= exp(X [1](t)) · · · exp(X [m](t)) exp(Y [m](t)) exp(X [m](t)) · · · exp(X [1](t)),(3.4)

both corresponding to the algebra splitting

g = p1 ⊕ · · · ⊕ pm ⊕ km.(3.5)
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3.1. On the choice of the automorphisms σi. In what follows, we will
consider automorphisms σ of the form

σ(z) = SzS, z ∈ G,(3.6)

where S is an idempotent matrix, i.e., S2 = I [18]. Clearly,

dσ(Z) = SZS,

and, for simplicity, we will abuse notation by writing σZ in place of dσZ, given that
all our computations take place in the space of matrices.

Since S2 = I, all the eigenvalues of S are either +1 or −1. Thus, powers of
matrices P = Πp(Z) as well as powers of adP are easy to evaluate by means of the
(+1)- and (−1)-eigenspace of S [18].

Note that automorphisms of the type (3.6) are defined a priori, with respect to
a fixed basis chosen independently of the data in Z. In section 5 we shall discuss
automorphisms based on approximate eigenspace decompositions of the matrix Z, a
case in which the splitting depends dynamically on the given matrix.

3.2. Automorphisms that lead to bordered matrix splittings. Let Z ∈
gl(n,R) be an n× n matrix and consider the automorphism

σ1Z = S1ZS1,

where S1 is the idempotent matrix

S1 =




−1 0 · · · 0

0 1
. . .

...
...

. . .
. . . 0

0 · · · 0 1


 .

It is easy to verify that

Πp
1
Z =

1

2
(Z − S1ZS1) =




0 z1,2 · · · z1,n
z2,1 0 · · · 0
...

...
. . .

...
zn,1 0 · · · 0


 ,(3.7)

while

Πk1
Z =

1

2
(Z + S1ZS1) =



z1,1 0 · · · 0
0 z2,2 · · · z2,n
...

...
. . .

...
0 zn,2 · · · zn,n


 .(3.8)

In general, assume that, at the jth step, the space kj−1 consists of matrices of the
form

W =




w1,1 O
. . . O

O wj−1,j−1
wj,j · · · wj,n

O
...

. . .
...

wn,j · · · wn,n



.(3.9)
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Then, the obvious choice is

Sj =

(
Ij−1 O

O S̃j

)
, S̃j =




−1 0 · · · 0

0 1 0
...

...
. . .

. . . 0
0 · · · 0 1


 ,(3.10)

where Ij−1 denotes the (j−1)×(j−1) identity matrix and S̃j is an (n−j+1)×(n−j+1)
block, so that the subspace pj consists of matrices of the form

Πp
j
W =

(
Oj−1 O

O P̃j

)
, P̃j =




0 wj,j+1 · · · wj,n

wj+1,j 0 · · · 0
...

...
. . .

...
wn,j 0 · · · 0


 ,(3.11)

where Oj−1 denotes the (j − 1)× (j − 1) zero matrix.
Exponentials of matrices of the form (3.11) are very easy to compute: in effect,

exp

(
Oj−1 O

O P̃j

)
=

(
Ij−1 O

O exp(P̃j)

)
,

where exp(P̃j) can be computed exactly with a formula analogous to the Euler–
Rodriguez formula (1.1): denote aj = [wj+1,j , . . . , wn,j ]

T and bj = [wj,j+1, . . . wj,n]
T.

Then,

exp(P̃j) =




In−j+1 +
sinhαj

αj
P̃j +

1
2

(
sinh(αj/2)

αj/2

)2
P̃ 2j if aTj bj > 0, αj =

√
aTj bj ,

In−j+1 + P̃j +
1
2 P̃

2
j if aTj bj = 0,

In−j+1 +
sinαj

αj
P̃j +

1
2

(
sin(αj/2)

αj/2

)2
P̃ 2j if aTj bj < 0, αj =

√
−aTj bj .

(3.12)

Note that

P̃ 2j =

(
α2j 0T

0 ajb
T
j

)
.

Another alternative for the exact exponential of P̃j is the one proposed in [4]:

exp(P̃j) = In−j+1 + [k, e1]ϕ(D)

[
eT1
lT

]
,(3.13)

where

k =

[
0
aj

]
, l =

[
0
bj

]
, D =

(
0 1

bTj aj 0

)
,

e1 is the vector [1, 0, . . . , 0]T ∈ R
n−j+1

and finally ϕ(z) = (ez − 1)/z. The latter
formula (3.13), as we shall see in what follows, leads to significant savings in the
computation and assembly of the exponentials.
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Moreover, given that

Πkj
W =

(
Dj−1 O

O K̃j

)
, Dj−1 = diag(w1,1, . . . , wj−1,j−1),(3.14)

where

K̃j =

(
wj,j 0T

0 K̄j

)
,

then

[P̃j , K̃j ] =

(
0 bTj K̄j − wj,jb

T
j

wj,jaj − K̄jaj O

)
.(3.15)

Next, if Z ∈ g, to obtain an approximation of the exponential in G by these
automorphisms we shall require that the σi’s, defined by the above matrices Si, map
g into g. Clearly, this is the case for

• so(n,R), since σiZ = SiZSi = AdSiZ is a map from so(n) → so(n), given
that each Si is an orthogonal matrix;

• sl(n,R), since σi leaves the diagonal elements of Z (hence its trace) un-
changed;

• quadratic Lie algebras g = {Z : ZJ+JZT = O, J nonsingular} provided that
J and the Si’s commute. This is, for instance, the case when J is diagonal;
hence our formulas are valid for so(p, q), p+q = n, but not for the symplectic
algebra sp(n,R). In the latter situation, we consider different choices for the
automorphisms σi, discussed at a greater length in [18].

3.3. Splittings of order 2 to 4, their implementation and complexity.
In this section we describe in more detail the algorithms, the implementation, and
the complexity of the splittings induced by the automorphisms described above. Note
that the complexity counts refer to the computation of the splitting alone and depends
on the desired order of approximation, and further work is required for the assembly
of the approximation to the exponential. The total cost of some schemes (splitting
and assembly of the approximated exponential) is therefore presented in section 4.

The cases of a polar-type representation, z = xy, or a symmetric polar-type
representation, z = xyx, are discussed separately.

Algorithm 1 (polar-type splitting, order 2). Based on the iterated generalized
polar decomposition (3.3). Note that the Πp

j
and Πkj

projections need not be stored

in separate matrices but can be stored in places of the rows and columns of the matrix
Z. We truncate the expansions (2.6) to order 2, and hence at each step only the pj-

part needs correction. Taking in mind (3.3), the matrices X [j] are low-rank matrices
with nonzero entries only on the jth row, column j+1 to n, and jth column, row j+1
to n, for j = 1, . . . , n − 2, which are stored in place of the corresponding Z entries.
The matrix Y [n−1] is diagonal and is stored in the diagonal entries of Z.

% Purpose: second-order approximation of the splitting (3.3)
% In: n× n matrix Z
% Out: Z overwritten with the nonzero elements of X [i] and Y [m] as:
% Z(i+ 1 : n, i) = X [i](i+ 1 : n, i), Z(i, i+ 1 : n) = X [i](i, i+ 1 : n),
% diag(Z) = diag(Y [m])
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%
for j = 1 : n− 1

aj := Z(j + 1 : n, j),
bj := Z(j, j + 1 : n)T,

K̄j := Z(j + 1 : n, j + 1 : n),
cj := zj,jaj − K̄jaj ,

dj := −zj,jbj + K̄Tj bj ,
Z(j + 1 : n, j) := aj − 1

2cj ,

Z(j, j + 1 : n) := (bj − 1
2dj)

T

end
The computation of the splitting requires at each step two matrix-vector multiplica-
tions, each amounting to O(2(n− j + 1)2

)
floating point operations (we count both

multiplications and additions), as well as two vector updates, which are O(n− j + 1)
operations. Hence, for large n, the cost of computing the splitting is of the order

• 4
3n
3 for so(p, q), p+ q = n and sl(n),

• 2
3n
3 for so(n), taking into account that bj = −aj .

Note that for both so(p, q) and so(n) the matrix Y [n−1] is the zero matrix.
Algorithm 2 (symmetric polar-type splitting, order 2). Based on the iterated

generalized polar decomposition (3.4). We truncate the expansions (2.10)–(2.11) to
order 2. The storing of the entries is as above.

% Purpose: second-order approximation of the splitting (3.4)
% In: n× n matrix Z
% Out: Z overwritten with the nonzero elements of X [i] and Y [m] as:
% Z(i+ 1 : n, i) = X [i](i+ 1 : n, i), Z(i, i+ 1 : n) = X [i](i, i+ 1 : n),
% diag(Z) = diag(Y [m])
%
% Computation of the splitting
for j = 1 : n− 1

aj := Z(j + 1 : n, j),
bj := Z(j, j + 1 : n)T,

Z(j + 1 : n, j) := 1
2aj ,

Z(j, j + 1 : n) := 1
2b
T
j

end
This splitting costs only

• n(n− 1) for so(p, q), p+ q = n and sl(n),

• n(n−1)
2 for so(n), because of skew-symmetry.

Algorithm 3 (polar-type splitting, order 3). We truncate (2.6)–(2.7) to include
O(t3) terms. Note that the term [K, [P,K]] is of the form (3.15). We need to include
also the term of the form [P, [P,K]]. We observe that

[P̃j , [P̃j , K̃j ]] =

(
2bTj (zj,jI − K̄j)aj 0T

0 −ajb
T
j (zj,jI − K̄j)− (zj,jI − K̄j)ajb

T
j

)
.

(3.16)

% Purpose: third-order approximation of the splitting (3.3)
% In: n× n matrix Z
% Out: Z overwritten with the nonzero elements of X [i] and Y [m] as:
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% Z(i+ 1 : n, i) = X [i](i+ 1 : n, i), Z(i, i+ 1 : n) = X [i](i, i+ 1 : n),
% diag(Z) = diag(Y [m])
%
% Computation of the splitting
for j = 1 : n− 1

aj := Z(j + 1 : n, j),
bj := Z(j, j + 1 : n)T,

K̄j := Z(j + 1 : n, j + 1 : n),
cj := zj,jaj − K̄jaj ,

dj := −zj,jbj + K̄Tj bj ,
Z(j + 1 : n, j) := aj − 1

2cj +
1
6 (zj,jI − K̄i)cj ,

Z(j, j + 1 : n) := (bj − 1
2dj − 1

6 (zj,jI − K̄j)dj)
T,

Z(j + 1 : n, j + 1 : n) := Z(j + 1 : n, j + 1 : n) + 1
12 (−ajd

T
j + cjb

T
j ),

Z(j, j) := Z(j, j)− 1
6b
T
j cj

end

Analyzing the computations involved, we find that the most costly part is constituted
by the matrix-vector products in the computations in cj ,dj , Z(j+1 : n, j), Z(j, j+1 :
n) and vector-vector products in the update of Z(j +1 : n, j +1 : n) and z(j, j). The
computation of cj ,dj , Z(j+1 : n, j), and Z(j, j+1 : n) amounts to 8

3n
3 in the whole

process. For the update of Z(j+1 : n, j+1 : n), we need to compute two vector-vector
products (O((n− j + 1)2

)
each) plus 3(n− j+1)2 operations to update the elements

of the matrix. Thus, the whole cost of updating the matrix Z(j + 1 : n, j + 1 : n) is
5
3n
3. The update of zj,j requires 2(n− j + 1)2 operations per step, which give a 2

3n
3

contribution to the total cost of the splitting.

In summary, the total cost of the splitting is

• 5n3 for so(p, q) and sl(n),
• for so(n), note that dj need not be calculated as well as zj,j = 0. Similarly,

we take into account that bj = −aj and that only half of the elements of
Z(j + 1 : n, j + 1 : n) need to be updated. The total amounts to 212n

3

operations.

It is easy to modify the splitting above to obtain order 4. Note that

[P̃j , [P̃j , [P̃j , K̃j ]]] = bTj aj [P̃j , K̃j ] + 3(bTj (zj,jI − K̄j)aj)S̃jP̃j ,(3.17)

which requires the computation of the scalar bTj aj only, costing 2/3n3 operations in

the whole process. However, all the other powers adi
P̃j
K̃j for i = 4, 5, . . . require no

further computation. The next term, [K̃j , [K̃j , [P̃j , K̃j ]]], can be computed with just
two (one) extra matrix-vector computations for sl(n) (resp., so(n)), which contribute
4
3n
3 (resp., 23n

3) to the cost of the splitting, so that the splitting of order 4 costs a
total of 7n3 operations for sl(n) (resp., 4n3 for so(n)).

Algorithm 4 (symmetric polar-type splitting, order 4). We truncate (2.10)–
(2.11) to include O(t3) terms. Also in this case, the term [K, [P,K]] is of the form
(3.15), while the term [P, [P,K]] is computed according to (3.16).

% Purpose: fourth-order approximation of the splitting (3.4)
% In: n× n matrix Z
% Out: Z overwritten with the nonzero elements of X [i] and Y [m] as:
% Z(i+ 1 : n, i) = X [i](i+ 1 : n, i), Z(i, i+ 1 : n) = X [i](i, i+ 1 : n),
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% diag(Z) = diag(Y [m])
%
for j = 1 : n− 1

aj := Z(j + 1 : n, j),
bj := Z(j, j + 1 : n)T,
K̄j := Z(j + 1 : n, j + 1 : n),

cj := (zj,jI − K̄j)
2aj ,

dj := (zj,jI − K̄Tj )2bj ,
Z(j + 1 : n, j) := 1

2aj − 1
24cj ,

Z(j, j + 1 : n) := (12bj − 1
24dj)

T,

Z(j + 1 : n, j + 1 : n) := Z(j + 1 : n, j + 1 : n)− 1
24 (ajb

T
j (zj,jI − K̄j),

+ (zj,jI − K̄j)ajb
T
j ),

z(j, j) := z(j, j) + 1
12b

T
j (zj,jI − K̄j)aj

end

We need to compute a total of four matrix-vector products, yielding 8
3n
3 operations.

The update of the block Z(j +1 : n, j +1 : n) costs 53n
3 operations, while the update

of z(j, j) costs 23n
3 operations, for a total of

• 5n3 operations for sl(n) and so(p+ q),
• 2 12n

3 operations for so(n).

3.4. On higher-order splittings. The costs of implementing splittings follow-
ing (3.3) or (3.4) depend on the type of commutation involved: commutators of the
form [P,K] and [P1, P2], P, P1, P2 ∈ p,K ∈ k, contribute as an O(n3) term to the total
complexity of the splitting; however, commutators of the form [K1,K2] for K1,K2 ∈ k
can easily contribute an O(n4) to the total complexity of the splittings if the special
structure of the terms involved is not taken into consideration. If carefully imple-
mented, these terms can also be computed with only matrix-vector and vector-vector
products, contributing O(n3) operations to the total cost of the splitting. For ex-

ample, let us consider the term [K̃j , [K̃j , [P̃j , [P̃j , K̃j ]]]], which appears in the O(t5)
contribution in the expansion of the Y part, for both the polar-type and symmetric
polar-type splittings. One has

[K̃j , [K̃j , [P̃j , [P̃j , K̃j ]]]] =

(
0 0T

0 Q̄j

)
,

Q̄j = −
(
(K̄j(K̄jaj))(b

T
j ∆j)

)
−
(
(K̄j(K̄j(∆jaj)))b

T
j

)
(3.18)

+2
(
((K̄jaj)((b

T
j ∆j)K̄j)) + ((K̄j(∆jaj))(b

T
j K̄j))

)
−
(
aj(((b

T
j ∆j)K̄j)K̄j)

)
−
(
(∆jaj)(b

T
j K̄j)K̄j

)
,

where ∆j denotes the matrix zj,jI−K̄j . The parentheses indicate the correct order in
which the operations should be executed to obtain the right complexity (O((n− j + 1)2

)
per step, hence a total of O(n3) for the splitting). Many of the terms are already com-
puted for the lower-order conditions, yet the complexity arises significantly. Therefore
we recommend these splitting-type techniques when a moderate order of approxima-
tion is required.

To construct higher-order approximations with these splitting techniques, one
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could use our symmetric polar-type splittings together with a Yoshida-type symmetric
combination.

3.5. Assembly of the approximation F (t, Z) to the exponential. For
each algorithm that computes the approximation to the exponential, we distinguish
two cases: when the approximation is applied to a vector v, and when instead the
matrix exponential exp(Z) is required. Since the matrices X [j] are never constructed
explicitly and are stored as vectors, computation of the exponentials exp(X [j]) is
also never performed explicitly, but is implemented as in the case of the Householder
reflections [6] when applied to a vector.

First, let us return to (3.13). It is easy to verify that, if we denote by αj =
√
bTj aj ,

then exp(D) has the exact form

exp(D) =
(
1 + 2 sinh2

(αj
2

))
I +

sinhαj
αj

D,

where I is the 2 × 2 identity matrix. Similar remarks hold about the matrix D−1.
Thus, the computation of ϕ(D) = D−1(exp(D) − I) can be done in very few flops

that “do not contribute” to the total cost of the algorithm. Next, if v,k, l, e1 ∈ R
j
,

the assembly of exp(P̃j)v according to (3.13) can be computed in 6j operations. If we
let j vary between 1 and n, the total cost of the multiplications is hence 3n2. This is
precisely the complexity of the assembly of the exponential for polar-type splittings,
which has the form as in (3.3).

Algorithm 5 (polar-type approximation).
% Purpose: Computing the approximant (3.3) applied to a vector v
% In: v: n-vector
% Z: n× n matrix containing the nonzero elements of X [i] and Y [m] as:
% Z(i+ 1 : n, i) = X [i](i+ 1 : n, i), Z(i, i+ 1 : n) = X [i](i, i+ 1 : n),
% diag(Z) = diag(Y [m])
% Out: v := exp(X [1]) · · · exp(X [m]) exp(Y [m])v
%
for k = 1 : n
vk := exp(zk,k)vk

end
for j = n− 1 : −1 : 1

aj := [0;Z(j + 1 : n, j)],
bj := [0;Z(j, j + 1 : n)T],
vold := v(j : n),

αj :=
√

bTj aj , βj =
sinhαj

αj
and γj = 2 sinh2(αj/2),

D :=
(
0
α2

j

1
0

)
,

ϕ(D) := γjD
−1 + βjI,

w := ϕ(D)
[ vold,1

bT

j vold

]
,

vnew := [aj , e1]w = w1aj + w2e1,
v(j : n) := vold + vnew

end
In the case in which the output needs to be applied to an n × n matrix B, we
can apply the above algorithm to each column of B, for a total of 3n3 operations.
This complexity can be reduced to about 2n3 taking into account that the vector
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α = [α1, . . . , αn−1]T can be calculated once and for all, depending only on the splitting
of the matrix Z and not in any manner on the columns of B. Also β = [β1, . . . , βn−1]T

and γ = [γ1, . . . , γn−1]T can be computed once and stored for later use.

Algorithm 6 (symmetric polar-type approximation). The approximation to
the exponential is carried out in a manner very similar to that described above in
Algorithm 5, except that, since (3.4) is based on a Strang-type splitting, the assembly
is also performed in reverse order.

% Purpose: Computing the approximant (3.4) applied to a vector v
% In: v: n-vector
% Z: n× n matrix containing the nonzero elements of X [i] and Y [m] as:
% Z(i+ 1 : n, i) = X [i](i+ 1 : n, i), Z(i, i+ 1 : n) = X [i](i, i+ 1 : n),
% diag(Z) = diag(Y [m])
% Out: v := exp(X [1]) · · · exp(X [m]) exp(Y [m]) exp(X [m]) · · · exp(X [1])v
%
for j = 1 : n− 1
aj := [0;Z(j + 1 : n, j)],
bj := [0;Z(j, j + 1 : n)T],
vold := v(j : n),

αj :=
√

bTj aj , βj =
sinhαj

αj
, γj = 2 sinh2(αj/2),

D :=
(
0
α2

j

1
0

)
,

ϕ(D) := γjD
−1 + βjI,

w := ϕ(D)
[ vold,1

bT

j vold

]
,

vnew := [aj , e1]w = w1aj + w2e1,
v(j : n) := v(j : n) + vnew

end

for k = 1 : n
vk := exp(zk,k)vk

end

for j = n− 1 : −1 : 1
aj := [0;Z(j + 1 : n, j)],
bj := [0;Z(j, j + 1 : n)T],
vold := v(j : n),

D :=
(
0
α2

j

1
0

)
,

ϕ(D) := γjD
−1 + βjI,

w := ϕ(D)
[ vold,1

bT

j vold

]
,

vnew := [aj , e1]w = w1aj + w2e1,
v(j : n) := v(j : n) + vnew

end

The vectors α,β, and γ need to be calculated only once and stored for later use in
the reverse-order multiplication. The cost of the assembly is roughly twice the cost
of the assembly in Algorithm 1; hence it amounts to 5n2 operations. (We save n2

operations omitting the computation of α.)

When the result is applied to a matrix B, again we apply the same algorithm to
each column of B, which yields n3 operations. Also in this case the vector α does
not depend on B and can be computed once and for all, reducing the cost to 4n3
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operations. The same remark holds for the vectors β and γ.

It is important to mention that the matrixD might be singular or close to singular
(for example, when aj and bj are close to be orthogonal); hence the computation of

exp(P̃j) according to (3.13) may lead to instabilities. In this case, it is recommended
to use (3.12) instead of (3.13) or to compute (3.13) by means of singular value decom-
positions. The cost of (3.12) is twice the cost of (3.13) (5n2 for polar-type assemblies
and 9n2 for symmetric assemblies for F (t, Z) applied to a vector).

4. Numerical experiments.

4.1. Nonsymmetric polar-type approximations to the exponential. We
commence comparing the polar-type order-2 splitting of Algorithm 1 combined with
the assembly of the exponential in Algorithm 5 with the (1, 1)-Padé approximant for
matrices in sl(n) and so(n), with corresponding groups SL(n) and SO(n). We choose
diagonal Padé approximants as a benchmark because they are easy to implement, they
are the rational approximant with highest order of approximation at the origin, and
it is well known that they map quadratic Lie algebras into quadratic Lie groups (but
not necessarily other Lie algebras into the corresponding Lie groups). Furthermore,
there exists a well-established error analysis for diagonal Padé approximants, and this
makes them the standard against which other methods are compared. For using the
Padé approximant, we refer to [23].

Table 1 reports the complexity of the method 1+5. A (1, 1)-Padé approximant
costs O(2/3n3) floating point operations when applied to a vector (essentially the

cost of LU-factorizing a linear system) and O(2 23n3) operations when applied to n×n
matrices. (Note that (I −Z/2)−1(I +Z/2) = −I +2(I −Z/2)−1; hence we reduce to
solve a single linear system: 2

3n
3 flops come from the LU factorization and 2n3 from

the n forward and backward solution of triangular systems.)

In Figure 1 we compare the number of floating point operations scaled by n3

for matrices Z up to size 500 as obtained in MATLAB for our polar-type order-2
algorithm (method 1+5) and the (1, 1)-Padé approximant both applied to a matrix.
We consider the cases when Z is in sl(n) and so(n). The costs of computing both
approximations clearly converges to the theoretical estimates (which in the plot are
represented by solid lines) given in Table 1 for large n.

In Figure 2 we compare the accuracy of the two approximations (top plot) for the
exponential of a random 10× 10 traceless matrix hZ, where Z is normalized so that
‖Z‖2 = 1 and h = 1

2 ,
1
4 , . . . ,

1
64 . Both methods show a local truncation error of O(h3),

revealing that the order of approximation to the exact exponential is 2. The bottom
plot shows the error in the determinant as a function of h: the Padé approximant has
an error that behaves like h3, while our method preserves the determinant equal to 1
to machine accuracy.

Table 1
Complexity for a polar-type order-2 approximant.

Algorithm sl(n),so(p, q) so(n)

1+5 Vector Matrix Vector Matrix

Splitting 1 1
3
n3 1 1

3
n3 2

3
n3 2

3
n3

Assembly exp 3n2 2n3 3n2 2n3

Total 1 1
3
n3 3 1

3
n3 2

3
n3 2 2

3
n3
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Fig. 1. Floating point operations (scaled by n3) versus size for the approximation of the expo-

nential of a matrix in sl(n) and in so(n) applied to a matrix with the order-2 polar-type algorithm
(method 1 + 5) and (1, 1)-Padé approximant.

In Table 2 we report the complexity of the method 3+5, which yields an approx-
imation to the exponential of order 3. The numbers in parentheses refer to the cost
of the algorithm with order-4 corrections.

4.2. Symmetric polar-type approximations to the exponential. We com-
mence comparing our method 2+6, yielding an approximation of order 2, with the
(1, 1)-Padé approximant. Table 3 reports the complexity of the method 2+6.

Clearly, in the matrix-vector case, our methods are one order of magnitude
cheaper than the Padé approximant and are definitively to be preferred (see Fig-
ure 3 for matrices in sl(n)). Furthermore, our method maps the approximation in
SL(n), while the Padé approximant does not. When comparing approximations of
the matrix exponential applied to a vector, it is a must to consider Krylov subspace
methods [20]. We compare the method 2+6 with a Krylov subspace method when Z
is a matrix in sl(n), normalized so that ‖Z‖2 = 1 and v ∈ R

n
is a vector of unit norm.

The Krylov subspaces are obtained by Arnoldi iterations, whose computational cost
amounts to about 2mn2+2nm(m− 1) operations, counting both multiplications and
additions. Here m is the dimension of the subspace Km ≡ span{v, Zv, . . . , Zm−1v}.
To obtain the total cost of a Krylov method, we have to add O(m3) computations
arising from the evaluation of the exponential of the Hessenberg matrix obtained with
the Arnoldi iteration, plus 2nm operations arising from the multiplication of the lat-
ter with the orthogonal basis. However, when n is large and m � n, these costs are
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Fig. 2. Error in the approximation (top) and in the determinant (bottom) versus h for the
approximation of the exponential of a traceless 10 × 10 matrix of unit norm with the order-2 polar-
type algorithm (method 1 + 5) and (1, 1)-Padé approximant.
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Table 2
Complexity for a polar-type order-3 approximant. The numbers in parentheses correspond to

the coefficients for an order-4 approximation.

Algorithm sl(n),so(p, q) so(n)

3+5 Vector Matrix Vector Matrix

Splitting 5(7)n3 5(7)n3 2 1
2

(4)n3 2 1
2

(4)n3

Assembly exp 3n2 2n3 3n2 2n3

Total 5(7)n3 7(9)n3 2 1
2

(4)n3 4 1
2

(6)n3

Table 3
Complexity for a symmetric polar-type order-2 approximant.

Algorithm sl(n),so(p, q) so(n)

2+6 Vector Matrix Vector Matrix

Splitting n2 n2 1
2
n2 1

2
n2

Assembly exp 5n2 4n3 5n2 4n3

Total 6n2 4n3 5 1
2
n2 4n3
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Fig. 3. Floating point operations versus size for the approximation of the exponential of a
matrix in sl(n) applied to a vector with the order-2 symmetric polar-type algorithm (method 2 + 6)
and (1, 1)-Padé approximant.

subsumed in that of the Arnoldi iteration, and the leading factor is 2mn2 (2mn3 for
matrices).

The error, computed as ‖F (1, Z)v−exp(Z)v‖2, and the floating point operations
of both approximations for n = 100, 200, 300 are given in Table 4. The Krylov method
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Table 4
Krylov subspace approximations versus the method 2 + 6 for the approximation of exp(Z)v.

Krylov 2+6

Size n Error m Flops Error Flops

100
0.74 1 21041
0.01 2 42887 0.05 66239

4.4e-15 9 219123

200
0.79 1 82041
0.01 2 165477 0.05 242589

7.1e-15 8 690653

300
0.75 1 183041
0.01 2 368077 0.06 528939

7.7e-15 8 1510653

converges very fast: in all three cases 89 iterations are sufficient to obtain almost ma-
chine accuracy, while two iterations yield an error which is of the order of method
2+6, at about two-thirds (0.64, 0.68, 0.69, respectively) the cost. On the other hand,
Krylov methods do not produce an SL(n) approximation to the exponential unless
the computation is performed to machine accuracy, which, in our particular exam-
ple, is 3.30, 2.84, and 2.85—about three times more costly than the 2+6 algorithm.
For the SO(n) case, it should be noted that if Z ∈ so(n), then the approximation
w ≈ exp(Z)v produced by the Krylov method has the feature that ‖w‖2 = ‖v‖2
independently of the number m of iterations: in this case, the Hessenberg matrix
produced by the Arnoldi iterations is tridiagonal and skew-symmetric, hence its ex-
ponential orthogonal. Thus, Krylov methods are the method of choice for actions of
SO(n) on R

n
[17]. One might extrapolate that, if we wish to compute the exponential

exp(Z)Q, where Q ∈ SO(n), one could perform only a few iterations of the Krylov
method to compute wi ≈ exp(Z)qi, for i = 1, 2, . . . , n, the qi’s being columns of
Q. Unfortunately, the approximation [w1, . . . ,wn] ceases to be orthogonal: although
‖wi‖2 = 1, the vectors wi cease to be linearly independent and the final approxi-
mation is not in SO(n). Similar analysis yields for Stiefel manifolds, unless Krylov
methods are implemented to approximate the exponential to machine accuracy.

In passing, we recall that our methods based on a symmetric polar-type de-
composition are time-symmetric. Hence it is possible to compose a basic scheme in
a symmetric manner, following a technique introduced by Yoshida [24], to obtain
higher-order approximations: two orders of accuracy can be obtained at three times
the cost of the basic method. For instance, we can use the method 2+6 as a basic
algorithm to obtain an approximation of order 4. Thus an approximation of order 4
applied to a vector can be obtained in 17n2 operations for sl(n) (two splittings and
three assemblies), compared to O(n3) operations required by the method 4+6.

To conclude our gallery, we compare the method 4+6, an order-4 scheme, whose
complexity is described in Table 5, with a (2, 2)-Padé approximant, which requires
2 23n

3 floating point operations when applied to vectors (2n3 for the assembly and 2
3n
3

for the LU factorization) and 623n
3 for matrices (since we have to resolve for multiple

right-hand sides). The figures obtained by numerical simulations for matrices in sl(n)
and SO(n) clearly agree with the theoretical asymptotic values (plotted as solid lines),
as shown in Figure 4. The costs of both methods are very similar, as is the error
from the exact exponential, although, in the SL(n) case, the 4+6 scheme preserves
the determinant to machine accuracy, while the Padé scheme does not (see Figure 5).
Note that a Krylov method iterated to convergence would cost ≈ 18n3 operations
(assuming that 9 iterations are sufficient to obtain machine accuracy), but it is a



858 A. ZANNA AND H. Z. MUNTHE-KAAS

Table 5
Complexity for a symmetric polar-type order-4 approximant.

Algorithm sl(n),so(p, q) so(n)

4+6 Vector Matrix Vector Matrix

Splitting 5n3 5n3 2 1
2
n3 2 1

2
n3

Assembly exp 5n2 4n3 5n2 4n3

Total 5n3 9n3 2 1
2
n3 6 1

2
n3
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method 4+6, sl(n)
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Fig. 4. Floating point operations (scaled by n3) versus size for the approximation of the ex-

ponential of a matrix in sl(n) applied to an n × n matrix with the order-4 symmetric polar-type
algorithm (method 4 + 6) and (2, 2)-Padé approximant.

clear winner when the exponential is applied to a vector, since our method is an
O(n3) scheme even in the vector case.

5. Automorphisms based on approximate eigenspace and Schur decom-
positions. One of the anonymous referees of this paper pointed to possible connec-
tions between our theory and the family of splitting methods proposed by Stickel in
[21]. Although the original formulation of Stickel does not exactly fit into the frame-
work of this paper, we will see that a modification along the lines of this paper leads
to splittings with very interesting properties.

Stickel’s approach is based on a commutative splitting derived from the matrix
sign function χ(Z). The matrix χ(Z) has the same eigenvectors as Z, and its eigen-
values are ±1 or 0 according to whether the corresponding eigenvalues of Z have
negative or positive real part, or are purely imaginary.



GPD FOR THE MATRIX EXPONENTIAL 859

10
-2

10
-1

10
0

10
-10

10
-9

10
-8

10
-7

10
-6

10
-5

10
-4

10
-3

10
-2

10
-1

10
0

h

E
rr

or
 fr

om
 e

xa
ct

 e
xp

on
en

tia
l

methods 4+6, sl(n)
(2,2)-Pade'
h5

10
-2

10
-1

10
0

10
-16

10
-14

10
-12

10
-10

10
-8

10
-6

10
-4

10
-2

10
0

h

|d
et

 -
 1

|

methods 4+6, sl(n)
(2,2)-Pade'
h5

Fig. 5. Error in the approximation (top) and in the determinant (bottom) versus h for the ap-
proximation of the exponential of a traceless 10×10 matrix of unit norm with the order-4 symmetric
polar-type algorithm (method 4 + 6) and (2, 2)-Padé approximant.
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Suppose Z has no purely imaginary eigenvalues.1 Stickel considers the splitting
Z = Z1 + Z2, where Z1 = 1

2 (Z − Zχ(Z)) and Z2 = 1
2 (Z + Zχ(Z)). Since Zχ(Z) =

χ(Z)Z, it is clear that Z1 and Z2 commute, and hence exp(Z) = exp(Z1) exp(Z2)
exactly. The same approach may now be employed recursively on Z1 and Z2. Note
that the map Z �→ Zχ(Z) is an involution, but it is not an involutive automorphism
at the algebra level, since it is not linear. Hence the theory of our paper does not
directly apply to the splitting methods of Stickel.

A major difficulty in the approach described above is the cost of computing the
matrix sign function. It would be of interest to perform similar splittings using approx-
imations S of the sign function. This may lead to a destruction of the commutativity
of Z and S, and it should be useful to correct the result by the technique we study
in this paper.

Given a matrix S such that S2 = I, the map Z �→ ZS is not an involutive
algebra automorphism. (It is an involution and a linear map; however, in general
it is not true that [Z1, Z2]S = [Z1S,Z2S].) On the other hand, one can consider
the map Z �→ SZS, where S is some approximation of χ(Z) such that S2 = I,
and hence a splitting as we have studied in this paper. Thus, Z = P + K, where
P = 1

2 (Z − SZS) and K = 1
2 (Z + SZS). We can compute exp(Z) from either of

the expansions (3.1) and (3.2), where X and Y are given in (2.4)–(2.6). Note that
XS = −SX and Y S = SY , and that if S is exactly the sign of Z, then X = 0. If S is
an approximation to χ(Z), then X and Y are close to commuting, and the expansions
converge fast. The exponential of X reduces essentially to a matrix problem of size
p = rank(S − I), while the exponential of Y reduces to a problem of size n− p.

How can we produce a suitable approximation S ≈ χ(Z)? Let ξi and ηj denote
right and left eigenvectors of Z, Zξi = λiξi and η

T
j Z = λjη

T
j , normalized such that

ηTj ξi = δi,j . Then the matrix sign function can be written as

χ(Z) = 2
∑

Re (λi)>0

ξiη
T
i − I.

Given p approximate eigenvectors ξ̃i and η̃i, we can use

S = 2

p∑
i=1

ξ̃iη̃
T
i − I.

Note that if we know p eigenvectors exactly, we may use deflation techniques to reduce
the size of the problem. Instead, if the eigenvectors are not exactly known, we may
use commutators to produce a problem that still can be deflated.

For numerical reasons, a similar approach based on Schur decompositions may
be even more attractive. From approximate knowledge of the first p Schur vectors
q̃1, . . . , q̃p one can employ splittings based on the involutive matrix

S = 2

p∑
i=1

q̃iq̃
T
i − I.

The numerical performance of these methods is presently unknown and will have
to be addressed in future research.

1Stickel introduces shifts Z − αI in the general case, but to keep the exposition simple we avoid
the discussion of shifts.
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6. Conclusions. In this paper we have introduced numerical algorithms for ap-
proximating the matrix exponential. The methods discussed possess the feature that
if Z ∈ g, then the output is in G, the Lie group of g, a property that is fundamental
to the integration of ODEs by means of Lie-group methods.

The proposed methods have a complexity of O(κn3), where n denotes the size
of the matrix whose exponential we wish to approximate. Typically, for moderate
order (up to order 4), the constant κ is less than 10, whereas the exact computation
of a matrix exponential in MATLAB (which employs the scaling and squaring with a
Padé approximant) generally costs between 20n3 and 30n3.

We compare methods of the same order of accuracy applied to a vector v ∈ R
n

and to a matrix B ∈ G:
• For the case F (t, Z)v ≈ exp(tZ)v, where v is a vector. Symmetric polar-
type methods are slightly cheaper than their nonsymmetric variant. For the
SO(n) case, the complexity of symmetric methods is very comparable to that
of diagonal Padé approximants of the same order.
The complexity of the method 2+6 is O(n2), while for the rest of our meth-

ods it is O(n3). Krylov subspace methods do, however, have the complexity

O(n2) if the number of iterations is independent of n. Thus, if it is impor-
tant to stay on the group, we recommend Krylov methods with iteration to
machine accuracy for this kind of problem. If convergence of Krylov methods
is slow, our methods might be good alternatives. See [8] for accurate bounds
on the number m of iterations of Krylov methods.

• For the case F (t, Z)B ≈ exp(tZ)B, with B an n× n matrix. Nonsymmetric
polar-type methods are marginally cheaper than their symmetric counterpart;
however, the latter should be preferred when the underlying ODE scheme is
time-symmetric. The proposed methods have a complexity very comparable
to that of diagonal Padé approximants of the same order (asymptotically they
require slightly less operations in the SO(n) case); in addition they map sl(n)
to SL(n), a property that is shared by neither Padé approximants nor Krylov
iterations not carried to convergence.
For these classes of problems our proposed methods seem to be very com-

petitive.
It should also be noted that significant advantages arise when Z is a banded matrix.
For instance, the cost of method 2+6 scales as O(nr) for F (t, Z) applied to a vector
and O(n2r) for F (t, Z) applied to a matrix when Z has bandwidth 2r+1. The savings
are less striking for higher-order methods since commutation usually causes fill-in in
the splitting.

As mentioned earlier in the paper, [3] recently proposed similar splitting methods
that also produce an output in G when Z ∈ g. With respect to their schemes,
ours display a slight computational gain: for the SO(n) case, Celledoni and Iserles
propose an order-4 scheme whose complexity is 11 12n

3, while our order-4 schemes
(method 3+5 with order-4 corrections and method 4+6) cost 6n3, 6 12n

3 operations—
very comparable to the diagonal Padé approximant of the same order.

However, the novelty of our approach lies in the fact that it is based on a rather
general theory that can include very different splitting methods already existent in
literature (for instance, the method 2+6 is nothing else than a Strang-type splitting),
obtaining in an elegant and neat way the otherwise complicated order conditions.
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