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When multidimensional functions are approximated by a truncated Fourier series, the
number of terms typically increases exponentially with the dimension s. However, for
functions with more structure than just being L2-integrable, the contributions from many
of the Ns terms in the truncated Fourier series may be insignificant. In this paper we
suggest a way to reduce the number of terms by omitting the insignificant ones. We then
show how lattice rules can be used for approximating the associated Fourier coefficients,
allowing a similar reduction in grid points as in expansion terms. We also show that
using a lattice grid permits the efficient computation of the Fourier coefficients by the
FFT algorithm. Finally we assemble these ideas into a pseudo-spectral algorithm and
demonstrate its efficiency on the Poisson equation.

© 2011 IMACS. Published by Elsevier B.V. All rights reserved.

1. Introduction

For 1D pseudo-spectral methods to be efficient, the coefficients in the Fourier expansion need to decay rapidly. In that
case we may approximate f (x) accurately by a modest number of modes, those corresponding to frequency or index |k| � d,
where the bound d depends on the decay of the Fourier coefficients and the accuracy of the approximation.

In the multidimensional case of periodic functions on the unit cube [0,1)s , k becomes a multi-index, k = (k1, . . . ,ks) ∈ Z s ,
and the Fourier expansion is given as

f (x) =
∑
k∈Z s

f̂ (k)e2π ikT x. (1)

Again, for efficient approximation by a truncated expansion, we assume that the coefficients decay with increasing k, only
this time we need to specify what we mean by ‘increasing’. The obvious answer is to view our multi-index as an integer
vector and measure its size by an appropriate norm. Thus for approximation we truncate the sum in (1) according to
‖k‖p � d. The norm we would like is the one which makes |̂ f (k)| ≈ |̂ f (j)| whenever ‖k‖p = ‖j‖p , which in turn will be
highly problem-dependent. For isotropic functions one would expect the 2-norm to be the norm of choice, and as can be
seen in Table 1; in that case only moderate savings can be expected. For anisotropic functions the situation may be different.
In particular if the function lives in a Korobov space with a norm given by (2) below, we might achieve significant savings.
This has been an underlying assumption for much of the work on sparse grids (for an overview see [3] and references
therein). Of particular interest we note that H. Yserentant [31,32] has proved that the Hamiltonian operator of the electronic
Schrödinger equation in fact does have the smoothness properties required to be in such a space, and consequently attempts
to solve this problem on sparse grids have been made [8–10].
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Table 1
The volume of the 4 different topologies for the index spaces, as a function of s and d.

The s-cube The s-ball The s-cross-polytope The s-star

(2d)s Csds (2d)s

s! O (2sd(log d)s−1)

The present paper proposes methods based on lattice grids as an alternative to sparse grid methods for such prob-
lems. The complexities of these two approaches are similar, whereas FFT based methods on lattice grids are structurally
significantly simpler than those based on sparse grids.

A standard way of computing multidimensional Fourier transforms is to simply make a tensor product of the 1D basis
functions and truncate in each dimension by retaining, in each dimension i, all |ki | � d. This corresponds to retaining all
coefficients k such that ‖k‖∞ = maxi=1,...,s |ki | � d, even if many of them are infinitesimally small and make no significant
contribution to the approximation. The cost for this excessive use of terms is that the number of expansion terms, N =
(2d+1)s , increases exponentially with the dimension, and our spectral approximation suffers from the curse of dimensionality.
The obvious question then becomes: May this curse be, if not avoided, at least mitigated by choosing another norm?

After a brief look at possible savings by switching to a different norm for truncation of the Fourier expansion, we focus
on how to compute the associated expansion coefficients. Lattice rules provide a tool for doing so using less than (2d + 1)s

function values. For a saving in number of basis functions to materialize as computational saving, we must be able to
compute the coefficients by the FFT algorithm as easily as in the standard case. In Section 3 we show the applicability of
the FFT algorithm for function sampled on a lattice grid.

We finish by numerical experiments. We solve the Poisson equation in 3 and 4 dimensions, on different grids for three
different solutions. For the solution which lies in a Korobov space (defined below), the theory predicts an asymptotic com-
plexity of O (d(log d)s−1). We run a limited scaling experiment up to 7 dimensions, which indicates that this is indeed the
case in practice too.

Our experiments reveal, not unexpectedly, that the success of the lattice grid versus standard Cartesian grid is problem-
dependent. Cases where our new method performs better than the standard method can, in principle, be predicted upfront
if one has knowledge about the decay of the Fourier coefficients.

1.1. The effect of norms

In addition to the standard norms we will also have a look at the α-norm. This norm is applicable to functions living in
a Korobov space, K α , that is complex valued L2-functions, periodic on [0,1)s and with a finite α-norm

‖u‖2
α =

∑
k∈Z s

|k̄1 · · · · · k̄s|2α
∣∣̂u(k)

∣∣2; k̄i = max
(
1, |ki |

)
. (2)

Approximation of functions in Korobov space by truncated Fourier expansion could then be obtained by retaining the terms
corresponding to

ρ(k) = |k̄1 · · · · · k̄s| � d. (3)

The corresponding criteria for the ∞-norm, 2-norm and 1-norm would be retaining terms satisfying:

∞-norm: ‖k‖∞ = max
i=1,...,s

|ki | � d,

2-norm: ‖k‖2 =
(

s∑
i=1

k2
i

)1/2

� d,

1-norm: ‖k‖1 =
s∑

i=1

|ki | � d.

In Fig. 1 we illustrate which coefficients to retain in 2 dimensions for d = 5. We notice that the geometric shape of this
index space takes very different forms and that the number of integer points is quite different. This difference increases
with the dimension. For these examples we see that using the infinity norm implies using 121 terms in the expansion,
while the corresponding numbers for the 2-norm, 1-norm and α-norm are 81, 61 and 61, respectively.

With the exception of the ∞-norm, no explicit formula exists for the number of integer points for general (s,d). However,
approximations to these numbers are provided by the volume of the s-cube (Infinity-norm), the s-ball (2-norm), the s-cross-
polytope (1-norm) and the ‘s-star’ shaped geometry defined by (3). These numbers are shown in Table 1. Here

Cs =
{

π s/2

(s/2)! s even,

2(2π)(s−1)/2
s odd.

(4)

s!!
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Fig. 1. Multi-indexes retained for different norms in 2 dimensions for d = 5. The different domains s-Cube, s-Ball, s-cross-polytope and s-star correspond to
truncating the indexes by the norms: ‖ · ‖∞ , ‖ · ‖2, ‖ · ‖1 and ‖ · ‖α , respectively.

The exact numbers of coefficients are of course slightly different due to the integer constraint, but nevertheless the volume
formulas give a good indication of potential savings. In particular we notice that in the case of the 1-norm vs. the infinity
norm a saving of s! might be a possibility, while the α-norm turns the exponential dependency to a log-term.

1.2. Computing expansion coefficients

Having decided which terms to truncate and which to keep, one needs to evaluate the appropriate expansion coefficients.
Using the orthogonality of the basis functions, the coefficients are given as

f̂ (k) =
∫

[0,1)s

f (x)e−2π ikT x dx. (5)

If the Fourier series is truncated according to the ∞-norm, these are usually approximated by the product trapezoidal
rule

f̂ (k) ≈ 1

(2d)s

∑
0� j�<2d

1���s

f (xj)e−2π ikT xj; xj =
(

j1

2d
,

j2

2d
, . . . ,

js

2d

)
. (6)

The collocation points now form a Cartesian product of the underlying equidistant 1-dim grid. All coefficients ‖k‖∞ � d can
be computed by the s-dimensional FFT algorithm, and the algorithm for the s-dimensional case becomes a straightforward
extension of the one-dimensional algorithm. This simplicity and the availability of the efficient FFT algorithm are probably
the reason that apparently all multidimensional pseudo-spectral methods are based on truncating the Fourier expansion by
the infinity norm.

The product trapezoidal rule can of course be used for computing the coefficients corresponding to truncation by other
norms, but with this approach the number of collocation points remains N = (2d + 1)s , so no real saving will be obtained.

In this paper we advocate the use of lattice rules for evaluating multidimensional Fourier coefficients. With the appropri-
ate choice of a lattice rule we may obtain almost the same saving in the number of collocation points as in the number of
terms in the Fourier series. Moreover we show how a multidimensional FFT becomes as straightforward to use for a lattice
grid as for the Cartesian grid.

The idea of sampling the function on a lattice grid for efficient and accurate high-dimensional approximation was in-
troduced and analyzed in [13] and [14]. Their quality measure of lattices and subsequent generation of good lattices are
different from what we present here.

Our ultimate goal is to develop pseudo-spectral methods for high-dimensional problems which defeat ‘the curse of
dimensionality’. We conclude this paper by some numerical examples for spectral solution of the Poisson’s equation on a
lattice grid and compare the results with those obtained for the solution on a Cartesian grid.

2. Lattice rules

Lattice rules are uniform-weight numerical integration rules for integrating over the s-dimensional unit hypercube [0,1)s .
They take as their abscissae the points from an integration lattice lying inside the unit cube [27,29,16,28].

A lattice is a discrete set of points Λ ⊂ R
s closed under addition and subtraction. The unit lattice, Λ0, is the set of all

integer points. Integration lattices should always contain Λ0 ⊂ Λ as a sublattice. This property ensures the periodicity of
an integration lattice. Let Λ/Λ0 = Λ ∩ [0,1)s . A lattice integration rule is defined as the following approximation to the
continuous integral
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Q f = 1

NΛ

∑
x j∈Λ/Λ0

f (x j) ≈ I f =
∫

[0,1)s

f (x)dx,

where NΛ is the number of lattice points in Λ/Λ0. The lattice rule can always be presented in a more explicit form

Q f = 1

d1d2 · · ·dt

d1−1∑
j1=0

d2−1∑
j2=0

· · ·
dt−1∑
jt=0

f

({
t∑

i=1

ji
zi

di

})
, (7)

where t � s, di are positive integers and zi ∈ Λ0. By the notation {x} we understand the fractional part of x. Thus {x} ∈ [0,1)s .
Eq. (7) is not a unique representation of a lattice rule. There are many different choices of t,d1, . . . ,dt and zi which

describe the same lattice rule. But when written with the minimal t and gcd(di, zi) = 1 the rule is non-repetitive, meaning
that each abscissa occurs exactly once. The number of function values needed is then NΛ = d1d2 · · ·dt , and t is called the
rank of the lattice rule [17]. A convenient way to specify an integration lattice is by an s × t integer matrix A = (z1| · · · |zt)

and a t × t diagonal matrix D = diag(d1, . . . ,dt). Then

x ∈ Λ ⇔ x = AD−1j; j ∈ Zt . (8)

Letting

Z D = Zd1 × · · · × Zdt (9)

denote the finite t-dimensional integer lattice with period di in direction i, we identify Λ/Λ0 
 Z D through (8). What
makes lattice rules interesting candidates for us is that for functions with an absolutely convergent Fourier series, their
error functional takes the simple form [27,28]

E f = I f − Q f =
∑

k∈Λ⊥\{0}
f̂ (k), (10)

where Λ⊥ ⊂ Z s is the dual lattice of our integration lattice, Λ. The dual lattice is defined as:

Λ⊥ = {
k ∈ R

s
∣∣ kT x ∈ Z; ∀x ∈ Λ

} = {
k ∈ Z s

∣∣ AT k = D� for some � ∈ Zt}. (11)

The dual lattice is itself a lattice, and when Λ is an integration lattice the dual lattice is contained in Z s .
Using (10) it is possible to define the kind of lattice rule we need for our computation. For an efficient computation

we seek the lattice with the minimal number of points NΛ , such that all non-zero points in the dual lattice have a norm
greater than d,

min
{

NΛ

∣∣ ‖k‖p > d; ∀k ∈ Λ⊥\{0}}. (12)

This general strategy allows us to design rules particularly appropriate for the function at hand. Unfortunately this optimiza-
tion problem has no simple, general solution. Only for the infinity norm the solution is known. Here the answer is simply
the product trapezoidal rule.

In the case of the 1-norm and the α-norm, huge computer searches have been applied to the problem. A numerical
integration scheme is of trigonometric degree d if it integrates exactly all trigonometric polynomials of degree less or equal
to d. For lattice rules, the trigonometric degree correspond to the 1-norm of the non-zero point in the dual lattice closest
to the origin. Optimal rules of arbitrary dimension and degree are not known, but there exists a lower bound on N [6], and
there exist quadrature rules which obtain this bound for s = 2 or d � 3. In addition the lattice rule of NΛ = 38, d = 5, s = 3
based on Minkowski’s celebrated critical lattice [24] is known to be optimal. All rules of optimal trigonometric degree are
lattice rules. Moreover, all other best-known quadrature rules, with respect to trigonometric degree for fixed dimension and
degree, are lattice rules. In [5,22] lattice rules of high trigonometric degree in 3, 4 and 5 dimensions are reported. These are
found by exhaustive searches. These rules are optimal as they minimize the number of abscissas needed for computing one
integral. When many related integrals are needed as in the Fourier transform, other choices may turn out to yield higher
computational efficiency. In particular since a t-dim FFT is needed (see Section 3) one might expect lattice rules where
d1,d2, . . . ,dt are all powers of 2 to be particularly attractive. We will, however, not address this issue here, as we consider
that a technicality. Furthermore, efficient FFTs for arbitrary N are now readily available.

For optimal numerical integration rules of functions in Korobov spaces, the design criterion has been the Zaremba rho-
index ρ(k) defined by Eq. (3). Long lists of optimal lattice rules found by computer search based on this criterion are
reported in [23,12,2,18–20].

The searches reported in [23,12,2] are restricted to lattice rules where t = 1. This restriction does not apply to those
reported in [18–20,5,22]. A technical hurdle with the last group is that the lattices listed here are described by the generator
matrix of their dual lattice, while we need it in the t–z form (7). How to obtain a t–z form from the generator matrix is
explained in [17].
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Only when restricting the search to subsets of integration lattices, a general pattern has been found. In these cases
formulas for generating lattice rules are known. One such family of rules are those generated by skew-circulant matrices.
Formulas for these rules of dimensions 3, 4, 5 and 6 of arbitrary degree are given in [21,4]. For convenience, these rules
have been used in our computation where the 1-norm is the target. For rules optimized for the α-norm we have used the
best rules listed in [23,12,18–20].

3. Computational issues

3.1. The FFT on lattice grids

Using a lattice rule to evaluate the Fourier coefficients in (5), we obtain approximate Fourier coefficients f̂Λ(k) as

f̂ (k) ≈ f̂Λ(k) = 1

NΛ

∑
x∈Λ/Λ0

f (x)e−2π ikT x (13)

= 1

NΛ

∑
j∈Z D

f (x)e−2π ikT AD−1j for k ∈ Z s. (14)

The approximate Fourier coefficients satisfy f̂Λ(k) = f̂Λ(k̃) whenever k − k̃ ∈ Λ⊥ .
The standard DFT over the t-dimensional finite lattice Z D is given as

f̂DFT(m) = 1

NΛ

∑
j∈Z D

f (x j)e−2π imT D−1j for m ∈ Z D , (15)

where xj = AD−1j. This is computed in O (NΛ log NΛ) operations with a t-dimensional FFT. Letting

m = AT k + D� for some k ∈ Z s and � ∈ Zt , (16)

we find

f̂Λ(k) = f̂DFT(m). (17)

Note that the map k → m : Z s → Z D is surjective, but not injective. From (11) we see that two points k and k̃ correspond
to the same point m ∈ Z D if and only if one of the points is an alias of the other, that is k − k̃ ∈ Λ⊥ . Thus f̂DFT(m) for
m ∈ Z D correspond to non-aliased approximate Fourier coefficients f̂Λ(k) in a 1–1 manner.

Having chosen our design criterion for the lattice rule and found the optimal rule for fixed dimension and degree,
the typical situation is that this rule will use more lattice points, NΛ(s,d) than the number of coefficients we require
it to evaluate. This simply means that our FFT routine not only computes the value of all ‖k‖1 � d or ρ(k) � d, but
some additional ones where ‖k‖1 > d. As the underlying assumption is that the terms in Fourier series associated with
these additional coefficients give no significant contribution, we can in principle ignore them. However, using our Fourier
expansion in a pseudo-spectral method, we will sooner or later like to return to ‘grid-point’ space by applying an inverse FFT.
We would then need to pad the coefficients in frequency space by zeros if coefficients are thrown out. However, if these
extra coefficients are computed, we might as well keep them, as there is no extra cost associated with it. Keeping these
terms will never do any harm, and will generally improve the accuracy slightly.

The obvious choice is to extend our index-set or frequency domain with k’s having smallest possible norm larger than d.
For these terms the mapping from m index to k-index is not unique, as there might be tie-breaking in the smallest norm
condition. In our present code we simply assign these coefficients on a “first-come-first-served” basis, while at the same
time making sure that each m corresponds to one and only one k not on the dual lattice. Other assignment procedures are
of course possible here. We will call our index set S and we note that by construction the order of S is |S| = NΛ and that
{k | ‖k‖p < d} ⊆ S , implying that the terms we intend to represent are included.

3.2. Spectral differentiation on lattice grids

We may now construct an interpolant for f by sampling it on our lattice Λ and approximating f̂ (k) by using a lattice
rule for the integration

L f
Λ(x) =

∑
k∈S

f̂Λ(k)e2π ikT x; f̂Λ(k) = 1

NΛ

∑
x j∈Λ

f (x j)e−2π ikT x j . (18)

To see that L f
Λ(x) interpolates f (x) on the lattice, we recall the discrete orthogonality of exponentials∑

e2π ikT (xp−x j) = NΛδp, j . (19)

k∈S
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Thus for xp ∈ Λ we have:

L f
Λ(xp) =

∑
k∈S

f̂Λ(k)e2π ikT xp =
∑
k∈S

1

NΛ

∑
x j∈Λ

f (x j)e2π ikT (xp−x j)

= 1

NΛ

∑
x j∈Λ

f (x j)
∑
k∈S

e2π ikT (xp−x j) = 1

NΛ

∑
x j∈Λ

f (x j)NΛδp, j = f (xp).

The error in f̂Λ(k) as an approximation to f̂ (k) is the aliasing error.

f̂Λ(k) − f̂ (k) =
∑

l∈Λ⊥\{0}
f̂ (l + k), k ∈ S. (20)

The important point to notice is that this error is restricted to terms we are not able to resolve on our grid. Those terms
we assume are insignificant. Now differentiating both expansions and taking the differences we get:

∂

∂x j
f (x) − ∂

∂x j
L f
Λ(x) = ∂

∂x j

(
f (x) − L f

Λ(x)
) = ∂

∂x j

( ∑
k∈Z s

f̂ (k)e2π ikT x −
∑
k∈S

f̂Λ(k)e2π ikT x
)

=
∑
k∈Z s

f̂ (k)2π ik je
2π ikT x −

∑
k∈S

f̂Λ(k)2π ik je
2π ikT x = +2π i

∑
k/∈S

f̂ (k)(k j − l j)e2π ikT x,

where l j corresponds to the j-th component of the l ∈ S which aliases with k. As expected the error only occurs in terms
we are not able to resolve on our grid.

By extension we see that the effect of applying the s-dim Laplacian to the Fourier expansion corresponds to multiplying
each term by −(2π)2(k2

1 + k2
2 + · · · + k2

s ) = −(2π)2‖k‖2
2.

However, here our computed Fourier coefficients f̂DFT(m) are given in terms of the t-dim index m, related to k through
Eq. (16).

In our code we produce all possible k in order of increasing 1-norm (or ρ-index) and compute the corresponding m
using (16) until all m’s are assigned a corresponding k.

For a lattice rule of degree 2d − 1 this simple procedure guarantees that all ‖k‖1 < d are assigned a Fourier coefficient,
which is what we require. In addition some extra terms in the expansion are also included in the approximation.

4. Numerical experiments

As our test case we solve the s-dim Poisson equation on [0,1)s with periodic boundary conditions

	u(x) = f (x); x ∈ [0,1)s,

u(xi = 0) = u(xi = 1); i = 1, . . . , s.

The pseudo-spectral algorithm is simply:

1. Sample f (x) on a lattice grid.
2. Compute f̂DFT(m) by (15) (using an FFT).
3. ûDFT(m) = − f̂DFT(m)/(2π‖k‖2)

2, where k and m are related by (16) and ‖k‖2
2 is minimal among the aliasing k’s.

4. Find u(x) from ûDFT(m) using the inverse FFT.

Here the zero’th Fourier coefficient is discarded, as it is undetermined for periodic solutions.
We do three different solutions listed in the table:

Test function 1 Test function 2 Test function 3

Gaussian Periodic Polynomial

u(x) = e−100
∑s

i=1(xi−0.5)2
u(x) = ∏s

i=1(esin 2πxi − 1) u(x) = ∏s
i=1(xi − 1)2x2

i

These test functions are chosen because their Fourier expansions have different characteristics and as such can reveal the
strengths and weaknesses of the three different grids.

In 2D we can plot the Fourier spectrum of these solutions. These plots show that for Test function 1 Fourier coefficients
of equal magnitude form a circle, indicating that coefficients of equal 2-norm are of equal magnitude. For such a problem
there is no reason to believe that our 1-norm lattice grid should do better than the standard Cartesian grid. The α-norm
lattice grid may be a bad choice here.
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Table 2
The error is measured by the discrete L2-norm.

s NΛ z Rel. err.

2 149 (1, 44) 0.00122
3 547 (1, 338, 397) 0.00162
4 2011 (1, 1125, 698, 820) 0.00423
5 7411 (1, 2721, 6781, 259, 6475) 0.00322
6 27 329 (1, 19 037, 5175,19 525, 10 217, 26 546) 0.00353
7 99 991 (1, 61 204, 42 555, 94 308, 16935, 91 256, 53 985) 0.00341

Table 3
The error is measured by the discrete L2-norm.

s Lattice grid Cartesian grid

NΛ = 4091 NΛ = 4096

2 0.0000028 (64 × 64) 0.0004236
3 0.0000774 (16 × 16 × 16) 0.0090503
4 0.0012902 (8 × 8 × 8 × 8) 0.0615971
5 0.0064880
6 0.0227155 (4 × 4 × 4 × 4 × 4 × 4) 0.3837561
7 0.0762831
8 0.1274343

For Test function 2 the coefficients of equal size seem to line up somewhere between the circular form and the cross
polytope form. This should give an advantage to the 1-norm lattice grid. For Test function 3 contour lines of equal sized
coefficients appear to have the “star-shaped” form of the α-norm. In this case using the full tensor-product would be a
terrible waste, and we expect a restriction to terms possible to determine by the 1-norm lattice grid to perform much
better, almost by a factor of s! in s-dimensions. The α-norm lattice grid should do even better.

Our code can handle any dimension, and we have run experiments for all three test functions and the three different
grid types on a large span of grid sizes in 2, 3 and 4 dimensions. In Fig. 3 we show plots of our results in 3D and 4D.

For modest N-values all 3 grids perform equally well on the Gaussian test functions. Fig. 2 indicates that this should
be the case for Cartesian grid and 1-norm lattice grid. It may be more surprising that α-norm lattice grid shows equal
performance. Only for high values of N the α-norm grid falls behind and also the 1-norm grid shows somewhat weaker
behavior than standard regular Cartesian grid. “High values of N” are dimension-dependent, so this effect is best seen in
3 dimensions.

For the second test function, the periodic one, Fig. 2 indicates that the 1-norm lattice grid should have an edge, and
indeed it has. In particular for high values of N . In this case the grid based on α-norm lattice performs badly.

The Fourier coefficients of the third test function have the star shape of the α-norm. This is where the α-norm lattice
grid should excel, and indeed it does. However, the 1-norm lattice grid is almost as good, while the Cartesian grid performs
badly.

In all cases the error decays monotonically with increasing grid density for the Cartesian grid, while the decay is much
less smooth for the two versions of lattice grids. There are at least two reasons for this. First of all, if the error should decay
smoothly it would be as a function of d, not as a function of N , and for the lattice grids we are using here the relation
between d and N is not smooth. Secondly, when increasing d, we not only increase the grid density, but also change the
shape of the grid.

To demonstrate the potential of our method in higher dimensions, we have done some limited experiments for test
function no. 3, as this case represents the problem type where we claim that lattice grids outperform Cartesian grids. The
lists of lattice rules based on solving (12) for the α-norm do not go beyond dimension 5, and in dimension 5 only few
entries exist. There does, however, exist an algorithm for computing good, rank 1, lattice rules for functions in Korobov
spaces [30]. This is a greedy algorithm which for a prime NΛ computes the components of the z-vector component by
component. The s-th component is computed as the one which minimize the worst case error for functions in the Korobov
space, assuming the first s − 1 components are fixed. We have implemented this algorithm and used lattices produced
by this for our experiments. In the first experiment, reported in Table 2, we have chosen NΛ to be a prime such that
NΛ ≈ 40(ln 40)s−1.

We observed that the error remains almost constant, implicating that the computational cost is indeed O (d(log d)s−1)

for this problem when using a lattice grid.
For comparison with the standard Cartesian grid, we have computed solutions to the same problem on a NΛ = 212 =

4096 Cartesian grid, and compared it with the solution obtained on a lattice grid with NΛ = 4091 for various dimensions.
The results are reported in Table 3.

Table 3 demonstrates that for this particular problem we can compute the solution of the 5-dimensional problem on a
lattice grid with better accuracy than the corresponding 3-dimensional problem on the Cartesian grid for the same cost.
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Fig. 2. The size of the Fourier coefficients for the 2D version of our 3 test functions. In the left column these are shown as surface-plot of log |̂ fΛ(k)|. In
the right column the same is shown as contour plots.
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Fig. 3. LogLog-plot of the error as function of grid points for the 3 different types of grid in dimensions 3 and 4. The error is measured as ‖uext − uapp‖2.
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5. Conclusions and related work

In this paper we have shown that lattice grids may help to reduce the exponential growth in complexity for spectral
methods when moving to higher dimensions. The rate of success depends on the function we want to approximate. With
knowledge of how its Fourier coefficients decay, we should choose our lattice grid, either based on lattice rules optimized
for the α-norm or for the 1-norm. Theoretically, the savings in number of lattice points is s! for truncation by the 1-norm,
while truncation by the α-norm may move the exponential dependency of the complexity from O (ds) to O (d(log d)s).

A practical problem is that lattice rules of optimal or near optimal trigonometric degree are not known for high dimen-
sions and computer search for them is extremely expensive. The same is true for lattice rules of optimal Zaremba rho-index.
However, in the latter case there does exist an alternative, the component-by-component algorithm suggested by Sloan and
Reztsov [30]. This algorithm finds lattice rules designed to perform well for function in Korobov space. The difference is
that the optimization criterion here is the worst case error, not the Zaremba rho-index. Thus we do not anymore explicitly
eliminate terms in the error functional. However, the limited experiments we did in Section 4.1 indicate that this is no
problem in practice. An advantage of this construction technique is that it can be extended to allow for adaptive weighting
of the importance of the different directions [7]. As we expect the proposed technique to be superior to the traditional
Cartesian grid for anisotropic problem, one might expect that in these cases one has a clear idea of the relative importance
of the different directions. If this is the case this knowledge can easily be built into the rule construction algorithm without
extra computational costs. Lately Nyuens and Cools [26] have improved the computational complexity of the component-
by-component algorithm. By rewriting the algorithm as s matrix-vector multiplies and noticing that the matrix is circulant,
they reduced the computational cost to O (sNΛ log NΛ) using an FFT algorithm.

An alternative to the present approach is to truncate the Fourier expansion according to the 2-norm. This approach is
pursued in [1]. Optimal lattice points are then given by densest lattice packing points. In dimensions up to 8, these are given
by certain root lattices [25]. The savings are 1.15, 1.4, 2.0, 2.8, 4.6, 8.0 and 16.0 in dimensions 2, 3, . . ., 8, thus smaller
than the 1-norm savings. An other difference in this case is that these lattices do not contain the integer lattice Λ0 as a
sub-lattice. Thus periodicity is not with respect to the unit cube. E.g. for the 2D case, the periodicity is with respect to an
equilateral hexagon and in 3D the periodic domain forms a rhombic dodecahedron. If the periodic problem is generated
from an underlying infinite non-periodic problem by periodization, hexagonal and dodecahedral periodic domains may,
however, yield smaller periodization errors than the unit cube periodization.

For functions in K α sparse grid or ‘hyperbolic cross approximation’ [3] provides another strategy for constructing efficient
quadrature rules, and thus provides an alternative to α-norm lattice rules. The underlying grid would be quite different with
this approach, but the overall complexity in terms of grid points needed for computing all f̂ (k); ∀‖k‖α � d, is of the same
order. Hallatschek [11] devised an FFT algorithm for sparse grid. Using this FFT algorithm Kupka [15] solves the Helmholtz
equation by exactly the same procedure as we use in this work. Gradinaru [8,9] solves the time-dependent Schrödinger
equation on sparse grids. He applies operator splitting to the Hamiltonian operator which splits into a Laplacian operator
and a potential operator. The propagation by the Laplacian is done in Fourier space and he samples the wave function on a
sparse grid and uses Hallatschek’s sparse grid FFT algorithm to compute the necessary coefficients in Fourier space.

In the works mentioned above the sparse grid could have been replaced with an α-norm lattice grid and Hallatschek’s
FFT algorithm with our FFT algorithm. The asymptotic complexity of the two approaches would have been the same, as
would the theoretical error bounds. It could have been interesting to run a back-to-back comparison on practical efficiency
and accuracy of the two approaches on the same problem, but that is beyond the scope of this paper.
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